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Abstract 

The article is devoted to afRne and wrap algebras over quaternions and octonions. 
Residues of functions of quaternion and octonion variables are studied. They are used 
for construction of such algebras. Their structure is investigated. 

1 Introduction 

Mention that Lie algebras are associative while the Cayley-Dickson algebras Ar with r > 3 
are non associative [H [HI [HI [27j. This induces specific features of algebras over Ar- In 
this article the developed earlier technique of residues of meromorphic functions of Cayley- 
Dickson variables from [171 [IS] is used. It is necessary to mention that theory of functions of 
Cayley-Dickson variables differ drastically from that of complex and certainly has many spe- 
cific features. It is useful not only for mathematics, but also for theoretical physics, including 
quantum mechanics, quantum field theory, partial differential equations, non commutative 
geometry, etc. d [3 [H [H [26| . 

Over the complex field loop algebras are known. They are defined for meromorphic 
functions in an open domain U with one singular marked point Zq G U C C [10]. But in 
the case of Cayley-Dickson algebras it is possible to consider meromorphic function with 
singularities in a closed subset W of codimension not less than 2. This W may already be 
of dimension greater than zero and winding around W may be in any plane containing R. 
Thus there are winding surfaces around W, so that the loop interpretation is lost. Therefore, 
analogs of loop algebras over Ar are called here wrap algebras. 

In this article affine and wrap algebras over quaternions and octonions are introduced 
and studied. For this residues of functions of quaternion and octonion variables are defined 
and their properties are described. They are used for construction of such algebras. Their 
structure is investigated. All main results of the paper are obtained for the first time. 

2 Algebras over octonions 

To avoid misunderstandings we first introduce our notations and definitions. 
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1. Remark. Let y be a vector space over the Cayley-Dickson algebra Ar- This means by 
our definition that y = o^^o®---® 2'--i^^2'--i, where oV,---, 2'--i^ are pairwise isomorphic 
real vector spaces, while {io, ...,i2r-i} is the set of the standard generators of Ar, io — 1, 
{j — —1, ioij — ij — ijio and ijik — —ikij for each 1 < j ^ k < 2^ — 1, 2 < r , A2 — ^ 
is the quaternion skew field, ^3 = O is the octonion algebra. If in addition each jV is an 
associative real algebra and {ax){by) — {ab){xy) for each x,y eVq and all a,b & Ar, then we 
call V the super-algebra over Ar- For short we call it also algebra. 

Let g be a Lie super- algebra over the Cayley-Dickson algebra Ar,r >2. By our definition 
this means that g = og^o© ig^i©---© 2'--ig^2'--i, where og, 2-^ -ig are pairwise isomorphic 
real Lie algebras, {io,ii, ■■■,12^-1} are the standard generators of Ar- The multiplication in 
g is such that 

(1) [xtk,yij] = {-l)^^'^^^^'[yij,xik] 

for each pure states xik G gkik and yij G gjij, where x{k,j) = if either /c = or j = or 
k = j, while x{k,j) = 1 for k 7^ j with A; > 1 and j > 1. The Jacobi identity takes the form: 

(2) [xtk, [ytj,zts]] + i-lf^''^''^[yt„ [zis,xtk]] + {-l)i('''^'^)+^0'^'^)[zt,, [xik,ytj]] = 

for each pure states xik G kgh, yij G jgij and zis G sgis, where ^{k,j,s) G {0, 1} is such 
that ik{ijis) = Mor eover, the multiplication is real R bilinear: 

(3) [ax, by] = ab[x, y] for each x,y E g and a, 6 G R; 

[xi + X2, y] = [xi,y] + [x2, y] and [y, xi + X2] = [y, xi] + [y, X2] for all xi,X2, y e g. 

For short instead of Lie super-algebra we shall also write Lie algebra or (Lie) algebra over 

Consider the family Matn{Ar) oi n x n matrices with entries in Ar- 
If X and Y are vector spaces over Ar then we say that a mapping A : X ^ Y is left 
Ar linear if it is R linear and A{z qx) = zA qx for each pure vector £ o-'^ and every 
Cayley-Dickson number z- The space of all left Ar linear operators from X into Y we denote 
by L1{X,Y). Suppose that h is a vector space over Ar- Then we denote by the space 
L"(h,^r) of all left Ar linear functionals. Evidently h* is the Ar vector space. 

We call vectors v„ in a vector space X over Ar with 2 < r < 3 vector independent, 

if for each non zero constants ai, ...,a„,6i, ---,bn each vector {ait'i6i}qi(3) + ... + {anfn&n}?„(3) 
is non zero for each associators {oLi...an}q[n) indicating on an order of the multiplication, 
when r = 3. For r — 2 these associators can be dropped, since the quaternion skew field is 
associative. 

Consider a n x m matrix B with entries in .4^. If 2 < r < 3, then Ar is alternative and 
each equation ax = 6 in it has the solution, which for a 7^ is x = a~^b- Therefore, the 
Gauss algorithm of reducing a matrix to the step form is applicable in this case. It is seen 
from the step form of the matrix B that the rank of B by rows and columns is the same. 
Henceforth we consider 2 < r < 3 for algebras, if another is not specified. 

For example. Conditions (1 — 3) are satisfied, when g = ofi' © A,- and [xa, yb] — [x,y]ab 
and xa = ax for each a, b G Ar and all x, y G og, where og is the real Lie algebra. 

2. Definitions. A matrix A is called a generalized Cartan matrix if 
(CI) ttjj = 2 for each j, 
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(C2) are non positive integers for all j ^ k, 
(C3) Qj^k — implies a^j — 0. 

By a realization of a matrix A G Matn{Ar) with 2 < r < 3 we call the triple (h, T, T^), 
where h is a vector space over Ar, T = ...,/3n} C h^*, = {71, ...,7n} C h so that 

1 T and are Ar vector independent; 

2 < Ik, Pj >= Ofej e Ar, for all k,j = 1, n; 

3 n — I = dim_4^^h — n, where / denotes the rank of A by rows over Ar] 

4 < a,b >:— b{a) e Ar for any a G h and b G h* and < oy, Pj >£ R- for each j — 1, n 
and oy e oh; < syis, kPik >= < k/3ik, syis > for all pure states. 

Two realizations (h.T.T^} and (hi,Ti,T^} are called isomorphic, if there exists an 
isomorphism of vector spaces : h ^ hi so that 0(T^) = and 0*(T) = Ti, where 
< 0*(/5),7 >:=< /5,0(7) > for all G T and 7 G T^. 

3. Proposition. For each n x n matrix A there exists a unique up to an isomorphism 
its realization. Realizations of matrices A and B are isomorphic if and only if B can he 
obtained from A by interchanging its rows or columns. 

Proof. We can enumerate rows and columns of the matrix and consider that A = (^^) , 
where Ai is the I x n matrix of rank I. Compose the following matrix C = °) and put 
h = where denotes the unit n x n matrix. Take Pj{x) = xj for j = 1, ...,n, where 

X — {xi, ...,Xn), Xj G Ar, X G A^. Then as 7^ take rows of the matrix C. This gives the 
realization of A. 

Vise versa, if for a realization (h, T, T^) we complete T up to a basis with the help of 
/3n+i, (52n-i G h*. Then for suitable I x [n — l) matrix B and {n — l)x{n — I) matrix D of 
rank {n — l) we get (< 7j,/3fe >) = (^^ ^). Adding to suitable Ar linear combinations of 
A we can get, that S = 0, where 2 < r < 3, since the octonion algebra is alternative 
and each equation either ax — b 01 xa — b has the solution with non zero a either x — a^^b 
01 X — ba~^ respectively. Then substitute Pri+i, P2n-i on their Ar linear combinations 
that to get D — I. This means the uniqueness of the realization up to interchanging of rows 
and columns. 

If B is obtained from the matrix A by interchanging its rows and columns, then two 
realizations are evidently isomorphic, since x h-> {Xf^(^i), Xcr(n)) is the isomorphism of A^, 
where cr is a transposition, that is a bijective surjective mapping of the set {1,2, ...,n}. 

3.1. Remark. Instead of using left Ar linear functionals it is possible to use right Ar 
linear functionals in the realization of a matrix. Denote by h* the space of right Ar linear 
functionals on h, T,. C h*. If (h, T, T^) is the realization of the matrix A, then (h*, T^, T^) 
is the realization of the transposed matrix A^ . 

For two matrices Ak, k = 1,2, and their realizations (h^, T^, T^) we can get the realization 
of their direct sum of these matrices (hi © hg, Ti x {0} U {0} x T2, x {0} U {0} x T^) 

it is called the direct sum of their realizations. 
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The matrix A is called decomposable, if after enumeration of its columns and rows A 
decomposes into a non trivial direct sum. Clearly that A can be presented as a direct sum 
of indecomposable matrices and hence its representation as a direct sum of indecomposable 
realizations. We call T the root basis, while the dual root basis. Elements of T or T"^ 
are called simple roots or dual simple roots respectively. We put 

Q = EU z/3„ Q+ = e;=i 

and call Q = Q{A) the root lattice, where Z+ denotes the set of all positive integers. 

For P = J2j f^jPj ^ Q the number ht [3 := kj is called the hight of the element (5. 
Introduce the partial ordering > on putting a>h if a — h & Q+. 

4. Definitions. Take the matrix A G Matn{Ar) and its realization (h,T,T^). We 
introduce the auxiliary algebra ri{A) over Ar with generators e^, j = 1, ...,n and h E h 
and with defining relations 

(1) [ekjj] = Skjjj] 

(2) [h,h'] = for all h' e h; 

(3) [h, Cj] =< j3j,h > Cj] 

(4) [h, fj] = — < /3j,h > fj for all j = 1, n and h e h; 

(5) [au,bv] = {ab)[u,v] = [u,v]{ab) for any a,b E Ar and u,v E o^(^)- 
Denote by 77+ and rj_ the subalgebra in 77(A) generated by elements ei,...,e„ and 

respectively. 

A matrix A is called decomposable, if after an enumeration of its rows and columns it 
becomes the non-trivial direct sum of two matrices. 

5. Theorem. Let rj{A) he as in Definition 4- Then 

(1) ri{A) = ?7_ © h © r7_|. is the direct sum of vector spaces over Ar; 

(2) rj^ and ri_ are freely generated by ei,...,en and fi,...,fn correspondingly; 

(3) the mapping Cj 1— > — fj, fj —Cj for each j = 1, ...,n, h ^— > —h for all h E h has a 
unique extension up to an involution u in the algebra rj{A); 

(4) there exists the decomposition into root spaces relative to h of the form ri{A) = 
(0^g:Q^ 77-/3) © h © i®/3eQ+VfB), where 77/3 = {x G r]{A) : [h,x] = [3{h)x Wh G h}, more- 
over, dim^Ar'ni.A) < 00 and rjp C rj± for ±/3 G Q+, [3 7^ 0; 

(5) among ideals of rj{A) having the void intersection with h a maximal ideal r exists and 
r = (r n ?]_) © (r n 77+) is the direct sum of ideals. 

Proof. Let \^ be a vector space over Ar with a basis so that G 

qV and (3 G oh^*. Define the tensor algebra TiV) of V as consisting of all elements 
{{biXi)...{bkXk)}q{k) and their finite sums, where bi,...,bk G Ar, Xi,...,Xk G {fi,...,f„}, 
/c G N, g(s) is a vector indicating on an order of the tensor multiplication analogously to 
[m [H]. This means that T{V) = T°{V) © T\V) © ... © T''{V) © where T°{V) = Ar, 
T\V) = V, T''{V) = T^-\V) ®V + ^ 2^2(y) ^___^Y^ T^-i(y), where the natural 
equivalence relation in T{V) is caused by the alternativity of the octonion algebra O and 
associativity of the quaternion skew field H. For products of elements here the identities 
arising from the fact that R is the center Z{Ar) of the algebra Ar can be taken into account. 
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If r = 2, then the quaternion skew field H = is associative and in this particular case 
associators are not necessary. 

Define the action of generators of the algebra r]{A) on the tensor algebra T{V) of the 
space V by 

(6) fj{a) — Vj® a for each a e T{y)\ 

(7) h{l) —< P,h > 1 and by induction 

h{vj (S>a) — — <Pj,h>Vj<S>a + Vj (8) h{a) for each a e T^~^{V), j — 1, n, h & rjo, 
h e oh, v.j e qV: 

(8) 6^(1) = and by induction 

ek{vj (g) a) = Skjjkia) + Vj ® ek{a) for every a e T*-^(l^), j = 1, ...,n, Vj e oV. 

Verify now that Conditions 4(1 — 5) are satisfied. Condition 4(5) is satisfied, since R is 
the center of the algebra Ar- Relation 4(2) is satisfied for each h, h' e ho, since < P,h >e R 
for each h G oh. In view of 1(3) it is fulfilled for all h,h' E h as well. Take up to an 
isomorphism fj G oV- ^fc ^ o^+- Then from (7,8) we infer that {ckfj — fjek){a) = 
ek{vj®a) — Vj®ek{a) = 8k j^k{a)+Vj®ek{a)—Vj®ek{a) = 5kjjk{o,), that is 4(1) is satisfied. 
Then due to (6, 7) we get 

{hfj — fjh){a) = h{vj ® a) — vj ® h{a) = — <(3j,h>Vj®a + Vj ® h{a) — Vj ® h{a) = 
— < Pj, h > fj{a) this implies 2(8). 

Mention that from (6, 7) for s = Condition 4(3) follows. For s > we take a = ®b 
and h E oh, where b G T*^^(y), so we deduce 

{hcj - ejh){vk ®b) = h{5j^klj{b)) + h{vk ® ej{b)) - ej{- < jSk, h > Vk ® b + Vk ® h{b)) = 
^j,klj{h{b))- < (3k,h > Vk® ej{b) +Vk® hej(h)+ < f3k,h> Sj^klj{b)+ < (3k,h > Vk® ej{b) - 
Sj^kljh{b) — Vk ® Gjh{b) =< I3j,h > Sj^klj{b) + Vk ® {hej — ejh){b). Apply the induction 
hypothesis to the second term, then we get 4(3) for oh, since Cj G or]+. Taking into account 
2(4) we get Condition 4(3) for each /i G h. 

In view of Conditions 4(1 — 4) by induction prove that products of elements from the 
set {cj, fj : j — 1, n; h} belong to 77_ + h + 77+. Consider an element u — + + 
where G 77_, u+ G 77+, Uh & h. If u — 0, then it acts in T{V) such that u{l) — w_(l)+ < 
X,uu >— 0, hence < X,Uh >— for each A G h*, consequently, Uh — 0. 

Now use the mapping fj 1— > Vj, which makes the algebra T{V) as the enveloping algebra 
of the algebra rj^. The tensor algebra T{V) is free and is the universal enveloping algebra 
U{rj^) of 77_. This algebra is non-associative for r — 3, but it is associative for r — 2. The 
mapping 1— > li-(l) is the canonical embedding rj^ ^ U{r]^). Thus — Q and the first 
statement is demonstrated. 

If A is an algebra over Ar, then by [A\ we denote the algebra obtained from A by supplying 
it with the bracket multiplication as above. 

An algebra U (L) over the Cayley-Dickson algebra Ar with the unit is called the universal 
enveloping algebra for an algebra L over Ar if there exists a homomorphism e : L — [U] such 
that for each homomorphism g : L ^ [A] there exists a unique homomorphism f : U ^ A 
such that g = f o e. 

By our construction the algebra T{V) has the decomposition T{V) = oT{V)iQ ® ... © 
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2T-_iT(y)i2T-_i, where oT{V),..., 2^-iT{V) are real pairwise isomorphic algebras. Since 
Vi,...,Vn e qV, then o^(^) is the universal enveloping algebra of o^-- By the Poincare- 
Birkhoff-Witt theorem and our choice of fi, ...,fn above the algebra o?7- is free generated 
by /i, ...,/„. This makes Statement (2) evident. 

Applying the involution cu we get, that 77+ is free generated by ei,...,e„. Using 4(3,4) 
we get the decomposition r]± — ®i3^q_^i3^oV±P- At the same time there is the estimate 
dimj^^rjp < (2n)''** ^' for the dimension of 77^ over Ar- The latter implies (4). 

If r is an ideal of rj{A), then it has the decomposition r = o^io © ••• ® 2'--iTi2''-i with 
pairwise isomorphic real algebras qt,..., Over R it appears that qt is the ideal of 

Qr]{A). For real algebras (5) is known. The ideal r has the decomposition r = 0^(^7/3 Hr), 
hence r = 0^ [(t fl fl r7/3)©(r ("177+ nr^^g)] = (rflr]-) ® (rn77+) is the direct sum of Ar vector 
spaces. Then [/j, r fl 77+] C 77+ and [cj, r n 7y+] C 7^+, consequently, [rj{A),T fl 77+] C r fl 77+, 
also [77(A), r n 7/_] C r n 77_. Thus the sum in (5) is the direct sum of ideals. 

6. Note. Consider the quotient algebra g{A) = rj{A)/T. It exists, since the pairwise 
isomorphic real quotient algebras {ri{A))j/Tj exist for each j = 0, 1, ...,2'' — 1. Each element 
of g{A) is of the form b + r, where b G ri{A). The matrix A is called the Cartan matrix of the 
(Lie super-) algebra g{A), while n is called the rank of g{A). The collection {g{A), h, T, T^) 
we call the quadruplet associated with the matrix A. 

Two quadruplets {g{A)'', h'', T'^, T^''^), k = 1,2, are called isomorphic, if there exists an 
isomorphism of algebras (p : g{Ay g{Af such that = h^, 0*(T^) = (j){T'''^) = 

We keep the notation ej, fj, h for their images in g{A) The subalgebra h is called the 
Cartan subalgebra and its elements ej,fj are called Chevalley generators. They generate 
the derivative sub-algebra which is by our definition g'{A) so that g'{A) = Qg'{A)iQ © 
... © 2^-ig'{A)i2r-i with pairwise isomorphic real algebras Qg'{A) © ... © 2'--ig'(A), where 
og'(A) = [ og{A), og(A)] so that g{A) = g'{A) + h. 

Mention that g{A) — g'{A) if and only if rank{A) = ti is maximal. 

Then we put h' = -^rlj, hence g'{A) n h = h', g'{A) n g^j = gp, if /5 7^ 0. 

In view of Theorem 5 there exists the decomposition into root spaces relative to h as 

g(^) = 0/3eQg/3> 

where gj^ — {x & g{A) : [h,x] — (5{h)x V /i e h} is the root sub-space corresponding to (5. 
Particularly, go = h. The number mult (5 :— dim^^^gp is called the dimension of the element 
p. In view of §5 there is the estimate 
mult (3 < {2n)\^^ ^1. 

An element /3 e Q is called a root, if /3 ^ and mult P ^ 0. If either /? < or /? > 0, 
then the root is called negative or positive respectively. As usually denote by A = A{A), 
A_ and A+ the family of all elements, of all positive elements, of all negative elements, then 
A is the disjoint union of A_ and A+. 

So we get that g^ C 7/+ if > 0, g/3 C 77^ if /? < 0. Moreover, gg is Ar vector space 
spanned either on vectors [•••[[eji, ej^], 6^3]. ..e^J with Pi + ... + Ps = P for P > 0, or on vectors 
[■■■[[fjiJj2]Jj3]---fjs] with pi + ... + p,^ -p for p > 0, since e^,/,- e og- Thus Qfj. = ArCj 
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for > 0, g/3j — Arfj for f3j < 0, Qs/s^ — for |s| > 1. Each root is either positive or negative 
and this implies the following. 

7. Lemma. 7/ /3 e A+ \ {^j}, then {f3 + ZPj) n A C A+. 

8. Remark. In accordance with Theorem 5(3, 5) the ideal r in r]{A) is uj invariant. 
Thus it induces the automorphism of the algebra g(^) called its Chevalley involution. This 
means that oj{ej) — —fj, oj{fj) — —Sj, u!{h) — —h for each h & h. Moreover, culgp) — g^p, 
hence mult (5 — mult {—(3) and A_ = — A+. 

9. Definitions. Suppose that G is a subset in the group ring oG'io©R---©R 2^-iGi2^-i, 
where jG are pairwise isomorphic commutative groups and ab = ^ ja kb for all a,b G G, 
a = Qttio + ... + 2'--i0^2'--i, G jG for every j. Let the multiplication in G be such that 

(1) there exists the unit element e = o^'i-o, where qC is the unit element in qG; 

(2) for each a E G there exists e G with aa~^ — a~^a = e, 

(3) if < r < 2, then the multiplication is associative, if r = 3, then the multiplication is 
alternative (weakly associative) {aa)b = a{ab), b{aa) = {ba)a for all a.b E G. Then we call 
G for short the quasi-commutative group instead of algebraic associative quasi-commutative 
group for r = 2 or alternative quasi-commutative group for r = 3. 

Let G be a group. The decomposition V = ^g^Q Vg of & vector space V into the direct 
sum of subspaces Vg over Ar is called a G gradation. Elements of Vg are called homogeneous 
of degree g. 

An algebra A having the decomposition A = ^g^Q Ag into subspaces Ag such that 
AgAh C Agh for each g,h E G is called G graded. It is not supposed that A is associative or 
a Lie algebra. 

An algebra A over Ar we call quasi-commutative, if its decomposition A = ^Aio ® ... ® 
2r-iAi2r-i with pairwise isomorphic real algebras qA,..., 2^-1 A is such that each jA is 
commutative. 

10. Proposition. Suppose that h is a quasi- commutative Lie algebra over Ar, while V 
is its diagonalizable module, which means 

(1) ^ = 06eAH, Ach;, where 

Vb :— {v E V : /( kv) — b{f) kV V/ E h, yk — 0, ...,2^ — 1}, A is a multiplicative 
subgroup in h*. 

Then each submodule U inV is graded relative to Gradation (1). 

Proof. Consider an element v eV and write it in the form v — 'YTj=i '^j with Vj E Vb. 
and Vj — oVjio + ... + 2^~iVji2^-i with k^j E feV}. There exists / e h so that the numbers 
bj{f) are pairwise distinct. Then ioi v eU we get 

F{ kv) = Y^]=ibj{fy kVj E C/for each p = 0,1,..., n-1 and k = 0,...,2'--l. We get the 
system of linear algebraic equations over octonions with the non-degenerate matrix. Using 
the gaussian algorithm we get, that all elements belong to kU and hence Vj E U for each 
j. The product of left linear functionals is also left linear. Mention that ( kvik){ jvij) E gVig 
for pure states kvik G kVik, where is — ikij- Thus U — ^^eA^^ ^ ^) ^^^^ means that 
the submodule f/ is h graded also. 

11. Note. If y is a graded vector space, then it can be supplied with the formal (or in 
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another words direct sum) topology having a fundamental system of neighborhoods of zero 
consisting of all open subsets in , where := is a finite subset in G, 

when each is a topological vector space. The completion of V relative to such topology 
is YlgeG ^9 latter space is called its formal (or direct product) completion. 

A gradation can be introduced by counterpoising to generators aj elements hj G G and 
putting by the definition that their degree is deg{aj) = hj. This defines a unique G graded 
Lie algebra g if and only if the ideal of relations between aj is also G graded. This is the 
case for a free system of generators a-,, j = 1, s. 

Particularly let si,...,Sn be integers and put deg Cj = —deg fj = Sj, deg h = 0, 
then we get the Z graded algebra g{A) = 0jgzgj(s), where s = (si,...,s„), gj{s) = 
®/3=E™'fc.n/3meQ;E™fcm^m=i Clearly if Sj > for each j, then go(s) = h and dim_A,.gj{s) < 
oo. 

If s = (!,...,!) = 1, then gj{l) = ^^^i^^^^jg^ and go(l) = h, g_i(l) = EmA/m, 
gi(l) = Em Ae™ so that rj^ = ®j>^g±j{l). 

12. Lemma. Let a E t]^ and either [a, fj] = for each j = 1, ...,n or [a, Cj] = for all 
j = 1, n, then a = 0. 

Proof. Suppose that a G ?7+ such that [a, g_i(l)] = 0, then EA;m>o('^'^ gi(l))'^(o.'^ h)™a 
is the subspace in rj^ over Ar invariant relative to ad gi(l), ad h and ad g_i(l). Thus if 
a 7^ we will get the ideal in g{A) which has with h the trivial intersection. This contradicts 
the definition of g(y4). 

13. Proposition. The center of the algebra g{A) or g'{A) considered over the real field 
H is Z = {h E oh :< Pj, h >= V j = 1, n}, moreover, dimuZ = n ~ I. 

Proof. The center of the Cayley-Dickson algebra Ar is the field R of real numbers. We 
use the relations 1(1 — 3). Suppose that p E Z and p = J2jPj its decomposition relative to 
the main gradation. Then [p, g_i(l)] = implies [pj, g^i{l)] = for each j > 0. By Lemma 
12 we get that pj = for all j > 0. From [p, gi(l)] = we infer that pj = for each j < 0. 
Thus p E h and we have [p, Cj] =< Pj,p > Cj = 0, hence < Pj,p >= for each j = 1, n. 

Vice versa if p G h and < Pj,p >= for each j = l,...,n, then p commutes with all 
Chevalley generators and hence belongs to the center of the algebra. Mention also that 
Z C oh, since in the contrary case dimuZ > n — I and T will not be the Ar vector 
independent set. 

14. Proposition. // a matrix A is in Matn{Aj), then the algebra g^^^-^(y4) over Ar+i 
is the smashed product of two copies of the algebra gj^^.{A) over A,, for 1 < r < 2. 

Proof. Since ^ G Ar for each j, fc, then using constant multipliers we can choose 
elements j3j and 7j belonging to (h^^);* and h^^ respectively. The Cayley-Dickson algebra 
Ar+i is the smashed product of two copies of Ar with the help of the doubling procedure 
[1]. Therefore, each element v E rjy(^^^{A) can be decomposed in the form o^ + ivi2^ with 
of and if G rj^^.{A), where is the doubling generator of Ar+i from Ar. This gives the 
decomposition of rjji^^^-^{A) as the vector space over Ar into the direct sum rj_^^{A)®rjji^^{A)i2r , 
where zo, ...,Z2r+i_i are the standard generators of ^r+i- 

On the other hand each pure state of 77^^^^ (A) is either a pure state of 17^^ (A) or of 
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'nAri^)i2r SO that all multiplication rules are the same in ?7.4r+i(^) s-nd in ?7.4r(^) ®^.4r(^)^2''- 
Using the R bilinearity of the multiplication and the decomposition of each element into a 
sum of pure states jvij with ji> is belonging to the real algebra jr]ji^_^_^{A), j — 0,1, ...,2^'^^ — 
1, we get that the algebra rj^_^_^{A) over Ar+i is the smashed product 77^^ (A) <S)^ VAri^) of 
two copies of 77^^ (A) over Ar with the help of the doubling generator . 

The maximal ideal r in rj^^_^_^{A) having with ^Ar+i the trivial intersection possesses the 
same decomposition T4^_,_i = <S>^ so that real algebras jT^^+i and k^Ar ^.re pairwise 
isomorphic for each j,k. This implies that jgA,.+i{A) = jVAr+A^)/ j'^Ar+i ^^r each j. 
Therefore, g^.+i(A) = = {VAr{A)/rAr) 0' {VAM)/rAr) = gAri^) ®' SaM). 

15. Lemma. Let Ji and J2 be two nonintersecting subsets in {l,...,n} so that aj^k — 
Ofcj = when j G Ji and /c G J2. Suppose that 6s = Xljej^ ^j.s(^j> s — 1,2 and (3 — 5i + 82 is 
a root of algebra g{A) over Ar, 2 < r < 3. Then either 61 or 62 is zero. 

Proof. Let j e Ji and k e J2. Then [7j,efc] = 0, [7fc,ej] = 0, [ej,fk] = 0, [ck, fj] = 0, 
consequently, [ej, e^] = and [fj, fk] = in accordance with Lemma 12. Thus algebras g^{A) 
and g^{A) commute, where g'^{A) denotes the algebra generated by {ej, fj : j G Jg}. The 
algebra gpiA) is contained in the subalgebra generated by g^(^) and g^(vl), hence g/3{A) is 
contained either in g^{A) or in g^(A). 

16. Proposition. The algebra g{A) over Ar with 2 < r < 3 is simple if and only if 

(1) rankArA = n and 

(2) for each 1 < j.k < n there exist indices j\,...,js so that {■■■{o,jjj^aj-i^j^)...)aj^^k 7^ 0, 
where n is the order of a matrix A. 

Proof. If either (1) or (2) is not satisfied, then by Lemma 15 g{A) will contain a non 
trivial proper ideal ^, ^ 0, ^ g(^) and g{A) will not be simple. 

If Conditions (1,2) are satisfied and 5 is a non zero ideal in g{A), then 5 contains a non 
zero element /i G h. Since rankAr — then by Proposition 13 Z = 0, hence [h, ej] = aej ^ 
for some j and inevitably G 5 and 7^ = [e^, /j] G 5. From Condition (2) and from the fact 
that the norm in the octonion algebra is multiplicative we get that e^, fj, 7^ G 6 for all j. On 
the other hand. Condition (1) implies that h is the Ar vector span of elements 7^. Thus we 
get 5 = g(A). 

17. Definition. A n x n matrix with entries in Ar is called symmetrizable, if there 
exists a diagonal matrix D — {d\, dj ^ for each j and a symmetric matrix B, that 
is — B, so that 

(1) A = DB, 

where B^ denotes the transposed matrix B. In this case B is called the symmetrization of 
A and an algebra g{A) is called symmetrizable. 

For a symmetrizable matrix A with a given decomposition (1) and its realization (h, T, T^) 
we fix a complemented Ar vector space ^2 to hi = spariA^i'Jj '■ j} in h a symmetric Ar valued 
form (*|*) on h such that 

(2) it is left Ar linear by the left argument and right Ar linear by the right argument 
such that 

(3) (7j|/i) = dj < Pj, h > for each /i G h. 
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(4) (/ii|/i2) = for all hi e hi and /i2 £ 

(5) ( ox\ oy) e R for each o^:^, oU e og, 

(6) (7j|7fe) = djbj^kdk with bj^k £ R- for each j and k. 

18. Proposition. J. The kernel of the restriction of the form {*\*) on hi coincides with 

Z. 

2. The form (*|*) «s non degenerate on h. 

Proof. The first statement follows from Proposition 13. To prove the second statement 
consider the condition = Cj^j\h) for all h & h. Since Cjjj\h) —< ^jCjdj(3j,h > 
for each h G oh, then CjdjPj = 0, consequently, Cj — for each j = 1, .... n. 

19. Note. The form (*|*) is non degenerate and there is the isomorphism u : Qh —>■ o^i 
having the natural extension up to the isomorphism z/ : h — > h^* and z/^ : h — h* so that 

(1) < h'{h),p >= {h\p) for all h,p E h and with the induced form (*|*) on h^* so that 

(2) {(3j\(3k) = bj^k = d^^cikj for each j, k and 

(3) < p, Uj.{h) >= {p\h) for each /i,p e h and with the induced form (*|*) on h*. Clearly 

(4) z^(7j) = djPj and 
{5)Mj,) = P,d,. 

20. Theorem. Let g{A) be a symmetrizable Lie algebra and let 17{1) be its prescribed 
decomposition. Then there exists its non degenerate symmetric Ar valued form (*|*) on g{A) 
satisfying Conditions 17{2 — 5) and 

(1) this form (*|*) is invariant on og(^)j that is {[x,y]\z) = {x\[y,z]) for all x, y and 

(2) (g/3,g5)=0 «//3 + (5^0, 

(3) the restriction (*|*)|g;3+g_^ is non degenerate for l3 0, 

(4) [x,y] = {x\y)u-^{f3) for each x e gp and y e g-p, /3 G A. 

Proof. Take the principal Z gradation g{A) = 0j£z gj P^^ g(^) = ©JL-m for 
m — 0,1, 2, .... Define the form (*|*) on g(0) = h with the help of 17(2 — 6). We extend it 
on g(l) as 

(5) (ejlfk) = Sj^kdj, j, k^l, n, 

(6) (go|g±i) = 0, (gilgi) = 0, (g-i|g-i) = 0. 

In view of 17(2) ([ej|/fe]|/i) = {^j\[fk,h]) for each /i e h, or equivalently Sj^kiljlh) — 
Sj,kdj < Pj,h >, where we can take ej,fk G og- Then the form (*|*) satisfies Condition (1), 
when both elements [x,y] and [y,z] belong to g(l). Now we can extend the form (*|*) due 
to Rule 17(2) on g(m) with the help of induction by m > 1 so that (gj|gfe) = 0, if \k\ < m 
and j + k ^ 0. Thus Condition (1) is satisfied when [x, y] and [y, z] belong to g(m). 

Suppose that this extension is done for g(m — 1), then we should define {x\y) for x e g±m 
and y e gip^ only. Write y in the form y = '^j[uj,Vj], where Uj and Vj are homogeneous 
elements of non zero degree, belonging to g(m — 1). Then [x,Uj] e g(m — 1) and for 
Uj, Vj G og(m — 1) we put 

(6) {x\y) = ^j([a;, Mjllfj)- Then by Rule 17(2) we extend it on g(m). It remains to verify 
that the definition of Formula (6) is correct on og- Suppose that Xj G ogj for j G Z, take 
k,j, s, t G Z with \k + j\ = \s + 1\ = m and k + j + s + t = 0; \k\, \j\, \s\ and \t\ < m. Then 
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(7) = 
since ([[x^, x^-], x^Hxt) = (([[x^, x^], - {{[[xj,Xs\,Xk\\xt) 

= {[Xk,Xs]\[Xj,Xt\) + {Xk\[[Xj,Xs],Xt\) = [Xj,Xt]] + [[Xj-,Xs],Xt]) = {Xk\[Xj,[Xs,Xt]\). 

If now X — '^fe]) then from (6, 7) we get 

{x\y) ^^ki[^,Uk\\vk) = Efe(PfelK>y])- 

Hence this value does not depend on a choice of expressions for x and y. 

From definitions it follows that Condition (1) is fulfilled as soon as [x, y] and [y, z] belong 
to g(m). Thus we have constructed the form (*|*) on g satisfying Conditions (1,2). Its 
restriction on h is non degenerate due to Proposition 18. 

The form (*|*) also satisfies (3), since /i e h, x e and y e g^. By the invariance 
property and 17(2) we infer 

0^ {[h,x]\y) + {x\[h,y]) = {< f3,h> + <^,h>){x\y). 

For a; e go and y G g-a with a G A and /i G h we get 

{[x,y] — {x\y)h'~^{a)\h) = (x\[y , h]) — {x\y) <a,h >= 0. Thus (5) follows from (2). From 
(2,3,5) it follows that the bilinear form (*|*) is symmetric. 

If (4) is not satisfied, then by (3) the form (*|*) is degenerate. Put t = Ker{*\*). This 
is ideal and by (2) we have t fl h = 0. But this contradicts to the definition of g{A). 

21. Note. Suppose that A = {a^j) is the symmetrizable generalized Cartan matrix. 
Equation 17(1) is equivalent with the system of homogeneous linear equations and inequali- 
ties dj ^ so that diag{d^^, d^^^)A = (bj^k) with bj^k = bk.j for all j, k, since the octonion 
algebra O = is alternative. But in the generalized Cartan matrix all entries are integer, 
hence solutions can be chosen in the field Q of rational numbers. Thus we can choose its 
decomposition 17(1) with dj > so that dj and bj^k are rational numbers. 

We can suppose that A is indecomposable. In view of Proposition 16 for each 1 < j < n 
there exists a sequence 1 — ji < j2 < ... < jk-i < jk — j such that dj^j,^^^ < 0. Therefore, 
djsjs+i^js+i — '^js+ijs'^js ^ach s — l,...,k — 1. Hence djdi > for each j. Therefore, 
we can choose dj > for each j. If A is indecomposable, then the matrix diag{di, ...,dn) is 
defined by 17(1) uniquely up to the multiplication on a constant. Now we fix a symmetric 
form satisfying Conditions 17(2 — 6) related with the decomposition 17(1). In accordance 
with Lemma 18 we get 

(1) iPjlPj) > for each j — 1, ...,n; 

(2) (/3, |/3fe) <Ofor each j^k; 

(3) 7j = 2u-^{Pj)/{Pj\pj). Thus Qj^k = '^{Pj\Pk)/{Pj\Pj) for each j,k. Then we take the 
extension of the form (*|*) from h onto g{A) in accordance with Theorem 20. This form will 
be called the standard invariant form. 

If choose for a root (3 dual bases {e^} and {e-^^} in og/3 and in og-/3 so that (e^|e^^) = Sj^k 
for each j, k = 1, ...,mult /3, then for x G g/3 and y G g_^ the identity 

(4) {x\y) = J2j{x\e-p)iy\e^f3) is satisfied. 

22. Lemma. If a, P E A and z G gp-a, then in g{A) <^ g{A) the identity 
(1) eia ® <] = EJei/3> ^] ^ 4 satisfied. 
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Proof. We define the form (*|*) satisfying 17(2 — 6) by the formula ( k^ik® jfjij] s'^is® 
tzit) — (— 1)^('^'-''*'*)( i^xikl swis)( jyij\ tzit) for pure states and extend it by R bi-linearity 
on g(^) <^g{A), where C{k,j,s,t) e {0,1} is such that {ikij){isH) = (-l)^('='•^''*'*)(^fc^5)(^J■^t). 
Then we take e e oga and / e og-/3- Therefore, 

E.(eia ® [^,e^]|e® /) = E.(eije)([z, e^]|/) = E.(eia|e)(e^|[/, ^]) = (e|[/,^]) also 

E.([ei^,^]®e^|e®/) = E.(ei^|[^,e])(e^|/) = ([^,e]|/) 
by Theorem 20 and Formula 21(4). In view of 17(2) the last two formulas imply (1), since 
the octonion algebra is alternative. 

23. Corollary. Let conditions of Lemma 22 he satisfied, then 

(1) EJe-aJ^,<]] = EJ[e-/3,^],e^] ^ng{A); 

(2) E.eiJ^^^<J = EJei^,;.]e^ in U{g{A)). 

Proof. This follows from the application of mappings g{A)®g[A) 3 x®y i-^ [x, y] e g(^) 
and g{A) ® g{A) 3 x y ^ xy e U{g{A)) to Formula 22(1). 

24. Remark. Let g{A) be a Lie algebra corresponding to a matrix A and let h be its 
Cartan subalgebra, g = 0^g/3 be its decomposition into root subspaces relative to h. A 
g{A) module (or g'(A) module) V is called bounded if for each v & V we have g^iv) = for 
all roots besides a finite number of positive roots (3. 

Introduce the functional p G h* by the formula: 

(1) < p, 7j >= ajj/2, j = l,...,n, where 7^ G T"^. If rank A < n, then this does not 
define p uniquely, so we can take any functional satisfying these relations. In accordance 
with Formulas 19(2,4) we get 

(2) {p\(3,) = {f3j\[3j)/2 for each j = 1, n. 

For each positive root /3 we choose a basis {e^} in the space g^ and take the dual basis 
{ei^} in g_^ so that they belong to og/3 and og-p correspondingly. Then we put 

(3) Qq — 2 E/3eA+ Ej ^'''--i3^p this operator does not depend on a choice of the dual 
basis. For each v &V only finite number of additives ei^e^(v) is non zero, hence is defined 
correctly on V. Let ^1,1*2, ■■■ and u^,u^, ... be dual bases of the subalgebra h belonging to 
oh. We define the generalized Casimir operator as 

(4) n = 2i/-i(p) + Y.. u^Uj + Qo. Choose p G oh^. 

We consider now the decomposition into root subspaces for U{g{A)) relative to h: 

Ui^m = ®peQ Up, where 
Up^{xe U{g{A)) : [h, x]^< P,h> x^he h} 
and put U'f) = U(g'(A)) f] Up so that U(g'(A)) = 0^C/'/3. 

25. Theorem. Let g{A) be a symmetrizable algebra over Ar, 2 < r < 3. If V is a 
bounded g'{A) module and u G U' p, then 

(1) = -{2{p\(3) + (/?!,(?) + 2^/7^/?))^. 
If V is a bounded^ {A) module, then 

(2) Q commutes with the action of g{A) on V. 

Proof. Since A = < X,u^ > Uriuj) = < X,Uj > v{vP) for each A G g{A), then 

(3) Ylij < ^"^^ X '"j)A* >= ('^Ia*)- Moreover, 
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(4) [Ylj'^^'^j,^] = + 2^'7^(/9))x for each x e gp, since 

U^Uj, x] = J2j < > XUj + J2j < '^j^ P > X 

= J2j < >< Uj, P> x + <Uj,P > + < P, > Uj)x. 

Thus Statement (2) follows from (1) and Formula (4). 

Take now elements ep. and e^jj. with j — 1, which generate the algebra g'(^). If 
either u — ep. oi u — e^p., then due to Lemmas 7 and 23 we infer: 
[^0, ep.] = 2 J2peA+ Es([ei/3, e/3,]e| + ei^[e^, e^^] 

= 2[e.p.,e0.]e(3. + 2 E/3eA+\{/3,}(E.[ei^, e^>^ + ei^+^.[e^_^., e^?,]) 

Analogously we have [flo,e^p.] = 2e_/3je^^ , e.^gj = 2e^p.i'-^{Pj). Thus we have got (1) 
for u — and u = e^p.. If m e U' a and v e U' p, then 

= -{(2(p|a) + + 2u;\a))u}v - u{{2{p\P) + + 2u;\f3))v] 

= -((2(p|a) + {a\a) + 2z/7i(a) + 2(a|/5) + 2(p|/?) + (/?|/?) + 2v-\p))uv 

= {2{p\a + p) + {a + p\a + P) + 2u;\a + P))uv, 
since a,/? G oh*, ea G og/3, P G oh^ and hence i^r^{p) G oh, while R is the center of the 
Cayley-Dickson algebra Ar- 

Thus (1) is proved in general also. 

26. Corollary. // suppositions of Theorem 25{2) are satisfi.ed and there exists a vector 
V E V so that ej{v) = for all j = 1, ...,n and h{v) =< b,h > v for some 6 G h* and all 
/i G h, then 

(1) n{v) = {b + 2p\b)v. 
Moreover, if U{g{A))v = V, then 

(2) n^{b + 2p\b)Iv. 

Proof. Formula (1) follows from the definition of Q and Formula 25(3). Then Formula 
(2) follows from Formula (1) and Theorem 25. 

27. Proposition. Let g be an algebra over Ar, 2 < r < 3, with an invariant form (*|*) 
satisfying Conditions 17(2 — 6), let also {xj : j} and {yj : j} be dual bases belonging to og, 
that is {xj\yk) — 5j^k for each j,k. Suppose that V is an g module so that for each pair of 
elements u,v &V either Xj{u) — or yj{v) — for all j besides a finite number of j. Then 
the operator 

^2 := Ej ® Vj 

is defined onV0V and commutes with actions of all elements of g on V. 

Proof. Consider commutators [z,Xj] = J2k^J,kXk, [z,yj] = ^kPkjVk, where Cj^k,Pk,j e 
Ar- Taking the scalar products we deduce that cj^k = {[z, Xj]\yk) and pkj = {[z, yj]\xk)- From 
the invariance of (*|*) it follows that = [xj, ^/fe]) and pkj = {z\[yj,Xk]), consequently, 
Cj^k = ~Pk,j for all j, k and inevitably Ej([^' ^j] *^ Vj + ® [^^ Vj]) — since Xj, yj G og for 
each j. 

28. Example. Consider the n x n zero matrix A = with either n G N or n = 00. 
This means that [ej,ek] = 0, [fj,fk] = 0, [ej,fk] = Sj,klj for all j. A; = l,...,n, hence 



13 



g(0) = h © J2j -^r^j ® J2j -^rfj- The center of g(0) is Z = J^j ^Ij- Moreover, dim^^^h = 2n 
and we can choose elements di, ...,dn G h so that 

h = Ar (S)R Z + '^jArdj and [dj,ek] = Sj^kCk, [dj,fk] = Sj^fk for each j,k = 1, ...,n. 
A non degenerate symmetric invariant form satisfying Conditions 17(2 — 6) is defined as 
(cjl/j) = 1, (7j|rfj) = 1 for each j and all others scalar products are zero. In the considered 
algebra p = and the Casimir operator takes the form 



We put q = J2^r{lj — Ik) C Ar ©R Z and the algebra H := g'(0)/g we call the 
Heisenberg algebra over the Cayley-Dickson algebra Ar so that qH = og'(O)/ oli H = 
qHiq © ... © 2^-iHi2r-i with pairwise isomorphic real algebras qH, where g' = 

Og'io © ... © 2--lg'«2'--l- 

3 Residues of octonion meromorphic functions 

For subsequent proceedings we need residues of (super) differentiable functions of Cayley- 
Dickson variables. In this section they are studied in more generality and with new details 
as in previous papers. 
1. Definitions. 

Let f : V ^ Ar he a function, where is a neighborhood of z E Ar, where Ar is the one- 
point compactification of Ar with the help of the infinity point or as the non commutative 
analog of the 2^ dimensional Riemann sphere [III US]. Then / is said to be meromorphic at 
z ii f has an isolated singularity at z and / is ^^.-holomorphic in \ {z}. If U is an open 
subset in Ar, then / is called meromorphic in f/ if / is meromorphic at each point z G U. If 
[/ is a domain of / and / is meromorphic in U, then / is called meromorphic on U. 

This definition has the natural generalization. Let be a closed connected subset in Ar 
and its codimension codim{W) = 2'^ — dim{W) > 2 and iyn(2; + R © MR) is a set consisting 
of isolated points for each purely imaginary Cayley-Dickson number M E Ar with |M| = 1 
and every z & W U {0}, where dimiW) is the topological covering dimension of W (see §7.1 
[5]). If there exists an open neighborhood K of so that a function / is ^^-holomorphic 
in V \ W and may have singularities at points of W, then / is called meromorphic at W. 
If U is an open subset in Ar and different subsets Wk in U are isolated from each other, 
that is inf {|C — r^l : j = 1,2, k — 1, k + 1, ( G Wk, r] E Wj} > for each marked k and / 
is meromorphic at each Wk and ^j.-holomorphic in U \ [IJ^ Wk] and |J^ Wk is closed in Ar, 
then / is called meromorphic in U. 

Mainly we shall consider meromorphic functions with point isolated singularities if an- 
other will not be specified and denote by M(?7) the set of all meromorphic functions on U 
with singleton singularities W = {z}. Let / be meromorphic on a region U in the set Ar- A 



point 



c e 





vcuy is closed and bounded 
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is called a cluster value of /. 

Let V be an open subset in Ar- Define the residue of a meromorphic function f at W 
with a singularity at a point a &W (Z Ar as 

(i) Res{a, f).M := {2tt)-^ lim( / f{z)dz) 

whenever this limit exists, 

where -fy{t) = a + ypexp{27itM) (ZV\W, 

p > 0, \M\ — 1, M & Ir, t El [0, 1], < y < 1, 7 := 7i encompasses only one singular point a 
of / in the complex plane (a + R® MR), Xr '■— {z ■ z E Ar, Re{z) — 0}, Re{z) :— {z + z)/2. 
Here as usually we suppose that a function 
(i?l) / is .Ar-holomorphic on \^ \ W, 

(i?2) is a closed connected subset in Ar of codimension not less than 2, 
(i?3) the intersection W D {z + H® NH) consists of isolated points for each purely 
imaginary Cayley-Dickson number N G Xr, |-^| — 1, and every z E W U {0}. 
Extend Res{a, f).M by Formula (i) on Ir as 

(ii) Res{a,f).M := [Res{aJ).{M/\M\)]\M\, 

MM ^ 0; Res{a, f).0 := 0, when Res{a, f).M is finite for each M e T^, |M| = 1. 

2. Definition. For a metric space X with a metric p let dist{x, A) :— inf y) : y & A} 
denotes a distance from a point a; to a subset Am X. Let z be a marked point in the Cayley- 
Dickson algebra and j{t) := z+Rexp(27iMt) be a circle with center at z of radius < i? < oo 
in the plane 2; + (R © MR) embedded into Ar, where t e [0, 1]. Then 7 encompasses z in 
the usual sense. 

We say that a loop ip{t) in the Cayley-Dickson algebra Ar encompasses the point z 
relative to 7, if there exists a continuous monotonously increasing function : [0, 1] [0, 1] 
being piecewise continuously differentiable so that \ip{t) — j{4>{t))\ < mm{\ip{t) — z\, R) for 
each t e [0, 1]. 

If A,n is the subalgebra of m <r, then there exists the projection Pm '■ Ar Am as 
for real linear spaces. 

3. Theorem. Let f be an Ar-holomorphic function on an open domain U in Ar, 
00 > r > 2. // (7 + Zq) and are presented as piecewise unions of paths 7^ + Zq and ipj 
with respect to parameter 6 G [a.j,&j] and 6 G [cj,(ij] respectively with aj < bj and Cj < dj 
for each j = 1, n and [jj[aj, bj] = [jj[cj, dj] = [0, 1] homotopic relative to Uj \ {zq}, where 
Uj \ {zq} is a {2^ — l)-connected open domain in the Cayley-Dickson algebra Ar such that 
'T^s,p,t{Uj \ {zq}) is simply connected in C for each s = i2k, P = i2k+i, k = 0,1, ...,2^~^ — 1 
(VO < A; G Z and Pm{Uj \ {zq}) is (2™ — l)-connected for each 4<mGN if r — 00), each 
t G Ar,s,p o-nd u G Cg^p for which there exists z — t + u E Ar- If {'-f + Zq) and ip are closed 
rectifiable paths (loops) in U such that j{9) = pexp{2Tr9M) with 9 G [0,1] and a marked 
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M G Xr, \M\ = 1 and < p < oo, also Zq ^ i> and M = [j^dLn{C, - z)]/{2'n) and i> 
encompasses Zq relative to 'j + Zq. Then 



(1) {27T)f{z)M= I f{C)dLniC-z) 
for each z E U such that 



\z - Zq\ < inf IC - Zo\. 
// either Ar is alternative, that is, r = 2,3, or f{z) G R for each z, then 

(3.11) f{z) = {27t)-\ [ fiOdLniC - z)-')M*. 



J-4, 

Proof. The logarithmic function is C-differentiable so that dLn{( — z) = [D^Ln{( — z)].d( 
for a marked z and the variable ( with C, ^ z, consequently, the considered integrals exist. 
Take a Cayley-Dickson number z satisfying the conditions of the theorem. Put 'il)y{Q) : = 
z + y{ip{0) — z) and "^yiO) = ypexp{27T9M) for each 9 G [0, 1] and every < y < I. Up to 
a notation we can consider (f){6) = 6 for each 6 denoting 7 o for simplicity by 7. Then 
\i/jy{e) - (7j^(^) + -2)1 < \ipy{e) - z\ for each < y < I. 

Join paths % + z and ipy by a rectifiable path Uy such that z ^ u, which is going in 
one direction and the opposite direction, denoted u~ , such that ujyj U ipyj U 7^^ U cUyj+i 
is homotopic to a point relative to Uj \ {^o} for suitable Uyj and cUyj+i, where Uyj joins 
ly^dj) + z with ipy{cj) and cUyj+i joins ipy{dj) with lyipj) + z such that z and Zq ^ ojj for 
each j. 

Then the equality 

f{OdLn{C -z) = - [ fiOdLniC - z) 

is accomplished for each j. 

Mention that [D^Ln(C — z)].! = {( — z)~^ for each C z and the function f{Q is Ar- 
holomorphic in U. The branching of the logarithmic function Ln{( — z) by the variable C, 
with C 7^ z for a marked Cayley-Dickson number z is independent from |C — ^| > as shows 
its non-commutative Riemannian surface described in [171 UHl EI], since Ln{y{( — z)) = 
hiy + Ln{( — z) for each ?/ > and each C 7^ -z, so that branches of Ln{C, — z) are indexed by 
purely imaginary Cayley-Dickson numbers M G X^. Consider now sub-domains Uj\{zQ} and 
loops there composed of fragments V^([cj, dj\) and ^j/([cj, dj\) and joining their corresponding 
ends rectifiable paths gone in a definite direction, as well as loops composed of fragments 
7([aj, hj\) + z and 7y([aj, hj\) + z and joining their respective ends rectifiable paths gone in a 
definite direction. Therefore, due to the homotopy Theorem 2.15 [ITIIIH] and the conditions 
of this theorem we infer, that 



f fiOdLniC -z)= [ fiOdLniC -z) and 
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f{OdLn{C-z)= / f{OdLn{C-z) 
'■y+z J-jy+z 

for each < y < 1. 

Since 7^ + z is a circle around z its radius yp > can be chosen so small, that f{() = 
f{z) + z), where a is a continuous function on such that the limit lim^^^ a{(, z) = 
exists, then 

fiOdLniC -z) = 



'ly+z 

f{z)dLn{( -z) + 5{yp) = 2nf{z)M + S{yp), 



■yy+z 



where 



\S{yp)\ < I / a{C,z)dLn{C-z)\<2nsnp\a{C,z)\Crexp{C2{ypr), 

where Ci and C2 are positive constants, m = 2 + 2*" (see Inequality (2.7.4) [171 [E]), hence 
there exists limj^^o,j/>o ^(z/p) = 0. Analogous estimates are for ipy instead of 7^ + z. 

We have that M = [/^^ dLn{C - z)]/{2tt) and also M = [/^^^^ dLn{C - z)]/{2tt) for each 
< y < 1 due to conditions of this theorem, since Ln{y{( — z)) = \n{y) + Ln{( — z) for each 
C ^ z and y is the positive parameter independent from z, where In is the standard natural 
logarithmic function for positive numbers. 

On the other hand, Ln(l + z) = z - z'^/2 + 2^/3 - z^/A + ... + (-1)"+^^"/^ + ... for each 
Cayley-Dickson number of absolute value < 1 less than one, since each z can be written in 
the form z = Re{z) + Im{z), where Re{z) = {z + z)/2, Im[z) = z — Re{z), Im{z) is a purely 
imaginary number so that {Im{z)Y = — |/m(z)p. The latter series uniformly converges in a 
ball of a given radius < i? < 1 with the center at zero. Therefore, the winding numbers of 
ipy and 7 + 2; around z are the same for each < y < 1 and equal to /^^^ dLn{( — z)/ {2nM). 
Taking the limit while y > tends to zero yields the conclusion of this theorem, since 

lim / fiOdLniC ~ z) = lim / /(C)ciLn(C - z). 

If either r = 2, 3, or f{z) G R for each z, then {{2Tx)f{z)M)M* = 27f f{z). 

4. Definitions. This definition 1 of the residue spreads also on loops ip not necessarily in 
a definite plane like in §§2 and 3. But then the purely imaginary Cayley-Dickson number 
substitutes on the mean value of M computed with the help of the line integral for dLn{z) 
along the loop ip divided on 27in, that is M = dLn{z) / {2TTn) , where n G N is the winding 
number of the loop ip. Due to §§3 we have that this operator Res at a marked point a = zq 
is the same ior •y + Zq, •jy + Zq, ip and ipy loops for each < y < 1, when the loops 7^ + zq 
encompass only one singular point Zq in the complex plane (zq + R-© MR) for 7^ + zq, while 
ipy encompasses zq relative to 7^ + zq in the sense of §2. 

For the infinite point a = 00 the definitions of the index and the residue change so that 
take instead of a circle 7 or a loop it with the opposite orientation 7" or ip' respectively. 
Thus taking the mapping z t-^ 1/z reduce the pole at the infinity into the pole at zero. 
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In addition in the residue's definition we take a sufficiently large radius p > such that 
in the complex plane R © MR for a marked purely imaginary Cayley-Dickson number the 
circle 7" with the center at zero encompasses only one singular point 00 from W in the 
non-commutative analog Ar of the Riemann sphere. We also consider circles 7" with y > I 
and take the limit 

f{z)dz 



Res{oo,f).M := (27r)-^ lim / 

y-*oo J 



7y 

whenever it exists. 

Mainly we shall consider residues at isolated singular points, when another will not be 
specified. 

If / has an isolated singularity at a E Ar, then coefficients 6^ of its Laurent series (see 
§3 [IZlIIS]) are independent from p > 0. The common series is called the a-Laurent series. 
If a = 00, then g{z) := f{z~^) has a 0-Laurent series Ck such that C-k = bk- Let 

j3 := sup ri{k), 
where ri{k) = ki + ... + fc^, = rn{k) for a = 00; 

for a 7^ 00. We say that / has a removable singularity, pole, essential singularity at 00 
according as /? < 0, < /3 < 00, = +00. In the second case P is called the order of the 
pole at 00. For a finite a the corresponding cases are: P > 0, —00 < /9 < 0, /3 = —00. If / 
has a pole at a, then is called the order of the pole at a. 
A value of a function 

df{a) := M{7]{k) -.bk^O} 
is called a divisor of / at a 7^ cxd, 

df{a) ■.= M{-7]{k):bk^0} 
for a = 00, where bk 7^ means that bk^i 7^ 0,....,bk^m{k) 0- Then 

df+gia) > mm{d f (a), dg{a)} 
for each a G dom{f) fl dom{g) and 

9fgia) = df{a)+dg{a). 

For a function / meromorphic on an open subset U in Ar the function df{p) by the variable 
p E U is called the divisor of /. 

5. Example and Remark. Consider another example of a multi- valued locally analytic 
function. Let ^ be a Cayley-Dickson number and consider the power function z = where 
2 < n G N, n is a natural number. Each Cayley-Dickson number has the polar form 
z = pexp{2iT9M), where 6* G R, M is a purely imaginary Cayley-Dickson number of the 
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unit absolute value \M\ = 1, p := \z\. For definiteness we can consider M of the form 
M = Mill + ... + Mkik with 1 < A; < 2'' - 1, Mi, ...,Mfe e R, > 0, that to exclude 
repeating caused by the identity {—6){—M) = 9M. For each marked M as above the 
function exp(27r^M) is periodic so that exp(27r(6' + n))M) = exp(27r6'M) for each integer 
number ra, n G Z. 

Therefore, the inverse function ^ = z^l'^ on Ar \ {0} is multi-valued with n branches. 
Each branch is ij = p^/" exp(27r(6' + (j - l))M/n), where M = M{z), 6^/" > denotes the 
positive value of the n-th root for each b > 0, j = l,...,n. When a loop, for example, a 
circle with the center at zero in the plane R © MR is gone around on 27r, then there is 
the transition from the j-th branch into j + 1 for each 1 < j < n, while the n-th branch 
transits into the first branch. That is, the point 2; = is the branching point of the function 
^i/n Branches of this function are indexed by j = 1, ...,n and depend on purely imaginary 
Cayley-Dickson numbers M G X^. Since z^^^ = exp[{Ln{z)) /n], then ^j.-holomorphic 
on Ar \ {0}. This also follows from the inverse function theorem: if / is ^^.-holomorphic on 
an open subset V and it has an inverse function /~^, then its inverse function is also 
A-holomorphic [l7l [H EI] • 

The non-commutative Riemannian surface for it is constructed from n copies of the 
Cayley-Dickson algebra Ar cut by the subset Q as in §3.7 [I7l[l8] such that they are embedded 
into A^. Each cut copy Yj of Ar is slightly bend and each edge 2Qj is glued with iQj+i 
for each j = 1, — 1 and 2Qn with iQi by straight rays with initially parallel directing 
vectors. Then for such non-commutative Riemannian 2^-dimensional surface TZ = lZ{z^^^) 
the function z^/^ : {A^ \ {0}) ^ IZxs already univalent. 

Generally suppose that f : {U \ W) — > is a ^^-holomorphic function on an open set 
{U\ W) in the one-point compactification Ar of the Cayley-Dickson algebra Ar^ so that the 
compactification is relative to the weak topology for card{r) > Kq. We have A,- \ Ar = {00}. 
Here we consider W a closed connected subset of codimension at least 2, codim{W) > 2, in 
the Cayley-Dickson algebra Ar such that fl + R © MR) is a set consisting of isolated 
points for each purely imaginary M G and each z E W U {0}, U is open in Ar- We also 
suppose that / is multi- valued and each its branch is defined on (f/ \ W). 

U z G W and along each loop in (z + R © MR) encompassing z and neither encompassing 
nor containing another points from W the complete circuit around the loop on 27r leads to a 
transition from the j-th branch of / into a definite branch k{j) for each j, then we say that 
z is a branching point of the function /. 

A non-commutative surface TZ = TZif) composed from copies of Yk properly embedded 
into a suitable space Ar, card{s) > 2, and with suitable gluing of Yj with Y^q) by the 
corresponding edges so that f : {U\ W) IZ becomes univalent and ^^-holomorphic, then 
IZ is called the non-commutative Riemannian surface of /. 

If / is such function, then for suitable U satisfying conditions of Theorem 3 with zq 
replaced on W , due to the monodromy Theorem 2.41 [21] and the homotopy Theorem 2.15 
[T7l [Is] the branching of / depends only on M G X^ and is independent from |C — -^1 for 
z eW . This follows from the consideration of loops 7 in planes z + (R © MR) with z E W 



19 



and 7 C {{Uj \W)n[z+ (R® MR)]) for each j. 

Mention that generally conditions of Theorem 2.15 [l7l [IS] can not be replaced on local 
homotopies within each Uj \ W. This is caused by several reasons. At first, consider two 
circles 71 and 72 of radii < Ri < R2 < 00 with the center at a point zq in planes 
zo + (R © MR) and + (R © NK), where N = aM + bNi, a,b e R \ {0}, Re{MNi) = 0, 
|M| = |A^| = |A^i| = 1, M and and Ni are purely imaginary marked Cayley-Dickson 
numbers. Let U and zq satisfy conditions of Theorem 3. Consider 7i(t) = zq + Riexp{2TrtM) 
and 7^(t) = zq + exp(— 27rtA^), t G [0, 1]. Divide them on arcs respective to the partition 
[(j — 1) / n, j / n] with 4 < n G N and j = 1, ...,n. Take the corresponding arcs of these circles 
and join their respective ends 7i(j7?t.) with 'y2{j/n) for each j by segments Wj of straight 
lines. We get loops rjj from such segments and arcs of 71 and 7^ circuit in accordance with 
7i and 72". 

Now consider two circles 71 and 72 embedded into + (R- © MR © A'lR). Take a new 
system of coordinates in the latter three dimensional manifold with the origin at zq. The 
axis ei take parallel to io, the axis 62 parallel to M and 63 parallel to A^i. Therefore, 72 is in 
a half-space above 71 and in the other half-space below 71. Then join 71 (t) with 72 (t) by the 
segment of the straight line for each t G [0, 1). So we get a set L which is homeomorphic to 
the Mobius band, which is a non-oriented two dimensional surface. Suppose that L C U\W. 

There exists k for which Wk is gone twice in the same direction, because L is non- 
oriented. Then the sum of the integrals by all j-th loops rjj generally does not vanish for an 
^j.-holomorphic function / in (f/\ {-Zq})- Generally it has the rest of the type 2c J^^ f{z)dz, 
where c = 1 or c = — 1. 

The surface Q cutting Ar has the unit codimension, codim{Q) = 1, consequently, the 
loops 7 and - zq from §3 both intersect Q, Qn 7([0, 1]) 7^ and Q n ^"([0, 1]) 7^ 0. So the 
integral by the loop rjj may be different from zero for some j, when 7 and ip are not in one 
plane R © MR and Zq is a branching point of /. 

If /, U, zo, ip and 7 + -Zo are as in Theorem 3 such that ?/'([0, 1]) does not intersect 
7([0, 1]) + Zq, ^/'([O, 1]) is not contained in the plane + (R- © MR), then from ip and 7 
construct a loop 77 taking their arcs and joining their ends by rectifiable paths in U so that 
Tj C U \ W . Then there exists a purely imaginary Cayley-Dickson number G X,,. such 
that it is not contained in MR for which a projection of rj on the plane 2:0 + (R © A^R) 
encompasses the point Zq. If / has a singularity at Zq, which may be a branching point, then 
generally Xy+^o f(^)^^ different from f{z)dz, since a branching of / generally depends 
on all purely imaginary Cayley-Dickson numbers A^ G X,., |A^| = 1. This is easily seen on 
the examples of the functions Ln(( — zq) and (C — zq^^I'^ for 2 < n G N. Moreover, for 
the domain V satisfying conditions of Theorem 3 generally conditions of the monodromy 
Theorem 2.41 in [21| are not satisfied. 

In the particular case of 7 and il) contained in the same plane + (R- © MR) the above 
situation with A^i ± M is already excluded. On the other hand, the branching of / is 
independent from |C — -ZqI (see above). If there are not another singular points in \J besides 
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Zq and U satisfies conditions of Theorem 3, and when 7 + 2:0 and ip are homotopic relative 
to f/ n (2:0 + (R © MR)), then due to the homotopy Theorem 2.15 [HI [E] and since M is 
fixed we can conclude as in the complex case that J^_^^^^ f{z)dz = f{z)dz. 

Therefore, the conditions of the homotopy Theorem 2.15 [I7l[l8] are substantially stronger, 
than in the complex case. 

6. Theorem. Let U be an open region in the set Ar, 2 < r < 00, with n distinct marked 
points pi, ...,Pn, and let f be an Ar-holomorphic function on U \ {pi, ...,Pn} =: Uq and be 
a rectifiable closed curve lying in Uq such that Uq satisfies the conditions of Theorem 3 for 
each Zq G {pi, Then 

« n 

/ f{z)dz = 27T^Res{pj,f).in{pj,ij) 

and Res{pj, f).M is the H-homogeneous Xr-additive (of the variable M in Ir) Ar-valued 
functional for each j . 

Proof. In the considered case each singular point pj is isolated, hence in the Definitions 
1, 4 of the residue operator Res{pj, f) the limit by y can be omitted, since all integrals with 
different < y < 1 are equal, when 7^, are in the same complex plane (see §3 above and 

§3.9.3 [niEsi). 

For each pj consider the principal part Tj of a Laurent series for / in a neighborhood of 
Pj, that is, 

^i(^) = XI - PjY)}q{m{k)+n{k)), 

k,ri{k)<0 

where ri{k) = ki + ... + fc„ for k = {ki, fc„) (see Theorem 3.21 [l7l[IH])- Therefore, 

h{z) ■.= f{z)-Y,TA^) 

j 

is a function having an ^^.-holomorphic extension on U. In view of Theorem 3 for an Ar- 
holomorphic function in a neighborhood \^ of a point p and a rectifiable closed curve ( we 
have 

g(p)in{pX) = {2nr\J^g{z){z-p)-'dz) 

(see §3.22 [Ul [IH|)- Let loops 7 and each Q be lying in planes each of which is parallel to 
the complex plane R © MR with a marked purely imaginary M so that M and ip satisfy 
conditions of Theorem 3. 

We may consider small loops (j around each pj with in{pj,(j) = In{pj,'y) for each 
j = 1, ...,n. Then we infer that 

f{z)dz = / Tj{z)dz 

for each j. Representing Uq as a finite union of open regions Uj and joining with 7 by 
paths 00 j going in one and the opposite direction as in Theorem 3 we get 



j f{z)dz + Y, J_f{z)dz = 0, 
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consequently, 

/ f{z)dz = ^ f{z)dz = ^2nRes{pj,f)in{pj,-f), 

where In(pj,^) and Res{pj, f) are invariant relative to homotopies satisfying conditions of 
Theorem 3 within a given complex plane. 

Since the integral g{z)dLn{z — Pj) is R-homogeneous and Ir-additive relative to a 
directing vector M G 2^ of a loop Q, then Res{pj, f)M defined by Formulas 4{i) is 

R-homogeneous 2r-additive of the argument M in 2^. 

7. Theorem. Let f be a meromorphic function inV (see §1), so that f{Q — g{Q[l/v{Q] 
and 1//(C) — '^(C)[1/5'(C)] foi^ ^ac/j C ^ where g and v are two Ar-holomorphic functions 
on an open set V , g has not zeros in V , v~^{Q) — W , W <ZV , 2 < r < oo, codimiW) > 2, 
then Res(z,f) is an operator continuously depending on z E W. 

Proof. The set W is closed and connected in Ar and the intersection Wr]{z + Il(B MR) 
consists of isolated points for each z E W U {0} and purely imaginary M e X^. Therefore, 
Ar\W is open in Ar- Since v is continuous and W = ^"^(0) and g has not zeros in V, 
then each point ^ in is singular for /. Making a shift z z + zq we can consider that 
and oo do not belong simultaneously to W. To treat a singularity at oo we can use the 
transformation z t-^ 1/z under which we can consider instead a singularity at zero. So we 
can suppose without loss of generality that each z G W is a finite singular point. 

We can take a neighborhood U of z satisfying conditions of Theorem 3 and choose the 
family 7j/ + -2 of loops in U encompassing only one singular point z of / in the complex plane 
^ + R © MR for each M e with |M| = 1 and each < 7/ < 1 and every z eWnU. The 
integral 

/ /m= / f{c+z)dc 

is the continuous functional relative to / and z, since / is holomorphic in U\W, Jy{[0, i])+z C 
U\W for each z eW nU and every < y < 1. 

If Zi &W is another either singular point different from z or any other point Zi G U\{z}, 
then 1^ — Zil > 0. Choose < y < \z — Zi\/ p, where < p < oo is a radius of the circle 
7, then "yy + z does not encompass zi in the entire U as well. Since 27r Res{z, f).M — 
lim2^_»o +2 when M is fixed, hence Rez{z, f).M may depend on z and the residue 
Res{z, f).M is independent from each Zi not equal to z, Zi ^ z. 

The functions g and v being ^^-holomorphic are locally ^-analytic in V and for each 
z &W there exists a ball with center at z of some radius < 5 < oo such that g and v have 
non-commutative power series expansions in it. Since g{C) ^ for each C &V, then g{z) ^ 
and v{z) = for each z E W, consequently, f{z) = oo and l/f{z) = 0, and inevitably 
1//(C) = '^^(C)[1/5'(C)] is Ar holomorphic in V and hence in a neighborhood Vz of z E W, 
Vz CV. Thus the function 1//(C) has the power series expansion in a ball with the center at 
z E W of some radius < e < oo. Let its expansion coefficients be Am — (om.mi, 0'm,mk)) 
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e Ar for each m,j, m — (mi, mfe), rrij > for each j — 1, A;, A; e N so that 

(1) i//(c) = E{^m,(c-^r}.M, 

where {Am, z"^}q(^m) '■= {flm,TOi^™^---flm,mfe^'"''}<?(m), q'(m) is the vector indicating on an order 
of the multiplication. Let us seek the function / in the form: 

(2) f{c) = J2i^pAc-zrUp): 
p 

where p = {pi, ■■■,Pk), k = k{p) G N, pj G Z for each j, for each p either all Pj > or all 
Pj < simultaneously. Put ri{m) := mi + ... + m^, where k = k{m), denote 

T)(p)=n 

ri{m)=n 

homogeneous terms so that Qniti) = t"'Qn{0 ^^^^^^ Pn{t^) = t^Pn{,C) for each ^ t G R and 
every ^ G A \ {0}. When n > 0, then we have P„(0) = and Qn(0) = 0. On the other 
hand, for a negative number n the term Qn(l/0 is defined for each finite Cayley-Dickson 
number ^. 

For the function 1// we have r/(m) = n > 1, since 1// is holomorphic and 1/ f{z) — 0. 
If each i-*n(0 would be an identically zero polynomial, then 1// would be identically zero, 
that is not the case. Thus there exists the maximal ck > for which Pa{C) is the nontrivial 
polynomial, while i-*n(0 is identically zero for each n < a. That is a is the order of zero z 
of the function 1//. 

We have the equation 

(3) /(C)[1//(C)] = 1 

identically in the set B^Ar, z,e) \W and by the continuity this equation extends on the 
entire ball. Since 

(4) Qr.M)PnM)=t'''^'"'QnAOPn.{0 

for each 7^ t G R and every ^ G A,. \ {0}, then we infer the inequality rii > —a. In view 
of (4) Equation (3) gives the system of equations 

(5) E QnAOPn.iO-^0 
ni+n2=l 

for each < |^| < e, where < Z G Z, Sij — for each i 7^ j G Z, Sjj = 1 for each j G Z, 
consequently, a < n2 < / + a in each l-th equation (5). 

The Cayley-Dickson algebra Ar has the finite dimension 2^ over the real field R, hence 
for each n the number of different R-linearly independent terms {Bp, with r){p) — n is 

finite, as well as a number of different R-linearly independent terms {A^n, C"^}q(m) is finite for 
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?7(m) = n. Thus each term Qn and P„ is a finite sum and a number of expansion coefficients 
in them is finite. 

Now using the multiplication table in the Cayley-Dickson algebra Ar^ where 2 < r < cxo, 
and exploiting the decomposition w = qwiq + ... + 2'--iW7^2'-i for each w & Ar., where 

ow, G R-, it is possible by induction on Z = 0, 1, ... resolve the system (5) relative 
to Bp through A^- The procedure is the following. For Z = we get the power relative to 

0^,..., 2'-i^ Equation (5) expressing vectors Bp with rj{j)) = —a through vectors Am with 
?7(m) = a. For / = 1 Equation (5) together with the previous equation expresses vectors Bp 
with ri{p) = —a + 1 through vectors Am with ri{m) G {a, a + 1}. By induction equations 
(5) with / = 0,...,P express vectors Bp with r]{p) = {3 through vectors Am with rj{m) G 
{a, + [3}. Thus each Bp is a continuous function of a finite number of Am = Am{z). 
At the same time each vector ^4^(0 is a continuous function of ^ in B{Ar, z, e/2), since the 
function 1//(C — z) is ^^-holomorphic by C, 2; G Ar with ^ — 2; G V", where V is open in the 
Cayley-Dickson algebra Ar by the conditions of this Theorem. Consequently, each -Bp(0 is 
a continuous functions of ^ in the ball B{Ar, z^ e/2). 
Evidently we have 

for each rj{p) 7^—1 and each < y < 1, so that z here is equal to a in the Definition of the 
residue in §§1, 4. Therefore, the limit 

27r Res{z, f).M := lim I /{()(!( 

= \\m J2 I (c - ^rU)^c 

p,f?(p)=-i 

exists, since is the additive functional by integrands and it is continuous on the space 
of bounded continuous functions (see Theorem 2.7 [TTl [18]) and due to the homotopy of 7^ 
with 7 in the same complex plane 2; + R © MR relative to {V \ W) fl + R © MR) (see §3 
above and 3.9.3 [HI [IE]). 

This implies that Res{z, f) is completely defined by the power series expansion of f{z), 
namely by vector coefficients Bp with 77 (p) = —1 only. The family of coefficients with 
v{p) = "1 is finite for a finite 2 < r < 00. Therefore, we get that Res{z, f).M is the 
continuous operator-valued function by the variable z G W. 

8. Corollary. Let U be an open region in the set Ar, 2 < r < 00, vjith n distinct points 
Pi, ...,Pn, let also f be an Ar-holomorphic function on U \ {pi, ...,Pn} ='■ Uq, Pn = 00, and 
Uo satisfies conditions of Theorem 3 with at least one ip, 7 and each Zq G {pi, Then 

Y,Res{PjJ)M = (). 
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Proof. If 7 is a closed curve encompassing points then 7 (t) := 7(1 — t), 

where t G [0, 1], encompasses Pn = 00 with positive going by 7" relative to Pn- Since 



is the zero R-homogeneous Xr-additive ^^-valued functional on Xp. 

9. Remark. If a rectifiable loop ip is as in §1, then there exists a sequence ipp of 
rectifiable loops composed of arcs of circles centered at zq and segments of straight lines such 
that straight lines contain Zq, so that ipp converges uniformly to ip with p tending to the 
infinity. Therefore, if / is the Ar differentiable function in an open set U so that ip (1 U and 
ipp dU for each p, then 

limp^oo 4^ f{z)dz = f{z)dz. 

There are useful Moufang identities in the octonion algebra: 

(Ml) {xyx)z = x{y{xz)), 

(M2) z{xyx) = {{zx)y)x, 

(M3) {xy){zx) = x{yz)x for each x,y,z E O 
(see page 120 in [9|). For calculations it is also worth that ad = da = |ap and the real valued 
scalar product has the symmetry properties Re{ab) = Re(ha) = Re{ab) = Re{bd), where 
a* = a denotes the conjugated Cayley-Dickson number. 

Mention also that {de^/dz).h = J2'^=iYl]Zo Z''hz"'~^~^/n\ for all z,h E A3 = O, hence 
generally {de^/dz).h is not simply e^h besides the case oi Im{h) G Im{z)'R., where Im{z) = 
z — Re{z) and the order of the multiplication in each additive of the series corresponds to 
the order of multiplication from right to left (right order of brackets) . Due to the Moufang 
identities an order of multiplications either left or right or {{z^)h){z'^~^~^) or {z^){h{z'^~^~^)) 
gives the same result. 

The inverse operator {de^/dz)~^ to de^/dz provides dLn{y)/dy for y = e^. The operator 
de^/dz is Ar additive and R homogeneous, hence its inverse operator is such also. Particu- 
larly, if Im{h) G /m(y)R, where y 7^ 0, then {dLn{y)/dy).h = y~^h. Therefore, /^^ dLn{y) = 
/^^ y'^dy for each 7^ either arc of a circle with the center at zero or a segment of a straight 
line such that the straight line contains 0, consequently, dLn{y) = y~^dy for 

each p (see also §12). 

Thus due to Definition 1 we deduce that Theorems 3 and 7, Corollary 8 spread on more 
general rectifiable loops ip, but then M in formulas there substitutes on the mean value of 
M computed as 




we get from Theorem 6, that 



J2ResiPjJ)M = 



for each M E Ir, hence 



J2Resip„f)M = 
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(1) M = linip^oo dLn{z)/ (27rj) = /^_^^ dLn{z)/ (27rj), where j G N is the winding 
number of the loop ip (see also Definitions 1, 2 and Theorem 3). This formula for M is 
essential, since generally the logarithmic function over the Cayley-Dickson algebra has more 
complicated non-commutative Riemannian surface, than in the commutative complex case. 
If a,b,c and e are constants in Ar so that {a6Mce}q^(5) = {abceM}g^(^^), then 

(2) I^d{abLn{z)ce}q^(^5)/{27rn) = {abceMjq^f^^-^, 

where vectors ^1(5) and ^2(5) prescribe an order of the multiplication in brackets, M = —M 
for purely imaginary Cayley-Dickson number M. On the other hand, if / is a (super) differ- 
entiable function in a neighborhood of 7, then J^{abf{z)ce}g-^(^^)dz = {ab{f^ f{z)dz)ce}g-^(^^) 
due to the definition of the line integral [T71 [18]. If and M are two orthogonal purely 
imaginary octonions, Re{MN) = 0, also Im{z) e MR, then N{zN*) = {Nz)N* = z. 
Therefore, if for constants ai, ...,bk+i G Ar the identity 

(3) {ai z^^ ...akZ^''ak+i}q^(2k+i) — {bi---bk+i{z''^ z"^)}q^(^i^^2) is satisfied in an open neighbor- 
hood of a rectifiable loop ip for 2:0 = and with the winding number j, where G N, 
rii, rik, s, m G Z, then 

(4) {2nj)~'^ J^{aiz"-K..akZ"-''ak+i}q-,(2k+i)dz = {bi...bk+iM}q^(^k+2) for m - s = 1 with 
n = — 1; 

(5) (27rj)"^/^{aiz"i...afcZ"'=afc+i}g^(2fc+i)(i2; = {bi...bk+iM}q^(k+2) for s - m = 1 with 
n = —1; 

(6) (27rj)^^ J^{aiz"'^ . . Mkz"''' ttk+i} qj^{2k+i)dz = for either |m — s| 7^ 1 or n 7^ —1, where 
n = rii + ... + Uk- Since s + m = n, then Case (4) implies m = and s = —1, Case (5) 
implies s = and m = —1. 

10. Definitions. Let / be an ^^-holomorphic function, 2 < r < 00, on a neighborhood 
V of a. point z G Ar. Then the infimum: 

V{z;f) ■.= mi{k:keNJ^'\z)^0} 

is called a multiplicity of / at z. Let / be an ^^-holomorphic function on an open subset U 
in the set Ar, 2 < r < 00. Suppose w G Ar, then the valence i^f{w) of the function f at w 
is by the definition 

i^f{w) := 00, when the set {z : f{z) = w} is infinite, 

and otherwise 

11. Theorem. Let 7 and be two rectifiable paths in Ar contained in open sets and 
respectively and let a diffeomorphism ^ -^U^ exists with (super) differentiable ^ and 
such that ^{ipdO, 1])) = 7([0, 1]). If f is a continuous Ar valued function on U^, then 

(1) J^f{z)dz = J^f{ay)).{ay)-dy). 

Proof. For / in a canonical closed bounded neighborhood of 7 so that V C U take 
a sequence of (super) differentiable functions converging uniformly on to / with the 
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corresponding phrases ?7„ fixing a 2;-representation of /„ and of / (see §2 in [I7l[T8]). Then 
the limit \imn-,oo fniz)dz = f^f{z)dz exists (see Theorem 2.7 [El [18]). Therefore, it is 
sufficient to prove this theorem for /„ or in the case, when / is (super) differentiable. 

In accordance with Proposition 2.6 [I7l[l8] take a function g{z) and its phrase z/ given by 
either left or right algorithm so that g'{z).l = f{z) and v'i^z).! = rj{z) for each z eV , where 
g\z) = dg{z)/dz, rj{z) is the phrase of /. This specifies the branch of the non commutative 
line integral 

(2) j\f{z)dz = \ims(^p)^o^'^^^{dg{z)/dz)\,=,^.AjZ, 
where P denotes a partition of [0, 1] with points to = < ti < ... < = 1 and r, G [tj-i, tj] 
for each j = 1, ...,m, AjZ := 'j{tj) - l{tj-i), Zj := l{Tj), 5{P) := maXj=i,...,„(tj - tj_i). 

Since by the chain rule {dg{^{y))/dy).h = {dg{z) /dz)\z=((y)-{{dC,{y) / dy) .h) for each y E 
and he Ar (see also §2 [Ul [I8]), then 

{dg{z)/dz)\,=^(^y^y{{d^{y)/dy).Ajy) = {dg{z)/dz)\,=^^.AjZ + o{Ajz), 
where yj = ^{tj), A^y = tpitj) -tpitj^i), zj = ^{yj), Ajz = ^{tpitj)) -^{ipitj^i)). Therefore, 
(3) lim5(p)^oEJli(^^(^)/^^)l^=^r^i^ = ^^'^5{P)^oT.jLi{d9{z)/dz)\,=^(^y^y{^'{yj).Ajy), 
since paths 7 and tp are rectifiable. Thus Formula (1) follows from (2,3). 

12. Remark. Mention that j^f{z)dz is independent from parametrization of 7 in the 
following sense. Two paths 71 : [ai,6i] Ar and 72 : [02,^2] Ar are called equivalent, 
7i ~ 72, if there exists a continuous monotonously increasing function : [ai,6i] [025^2] 
so that 7i(t) = 72(0(t)) for each t E [ai, 61], where ai < 61, 02 < 62- This relation is refiexive 
(^ ~ ^)^ symmetric (if 71 ~ 72, then 72 ~ 71), transitive (if 71 ~ 72 and 72 ~ 73, then 
7i ~ 73)- A class of equivalent paths is called a curve. 

If 7i ~ 72 are two rectifiable paths, then the mapping (j) gives the bijective correspondence 
between partitions of 71 and 72 and between the corresponding integral sums. From the 
definition of the non commutative line integral it follows, that if 71 ~ 72, then J^^ f{z)dz = 
Xy2 f{z)dz for a continuous function /. Thus the non commutative line integral depends on 
curves. 

13. Theorem. If is a rectifiable path 7 : [a,b] — Ar in the Cayley- Dicks on algebra 
Ar and f : U ^ Ar is a continuous function, where U is an open subset in Ar and j C U, 
—00 < a < b < 00, then the non commutative line integral reduces to the non commutative 
Lebesgue-Stieltjes integral: 

(1) j^f{z)dz = {L-s)j;;fm)Mt). 

Moreover, if '^{t) is absolutely continuous, then the non commutative line integral reduces 
to the non commutative Lebesgue integral: 

(2) J^f{z)dz = {L)J^f{^{t)).i{t)dt. 

Proof. Recall that a function / : [a, b] Ar is with finite variation, if there exists C > 
so that 

Va':=snpET=i\fitj)-fitj-i\<C, 
where the supremum is taken by all finite partitions of the segment [a,b], m G N, V^{f) is 
called the variation of / on [a, b]. This implies that each fj is also with the finite variation, 
where f(t) = ofit)io + ... + 2^-ifif)i2^-i^ jfif) ^ R- for each j = 0, ...,2^ — 1 and every 
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t e [a,b]. 

A path 7 : [a, b] Ar is called rectifiable, if it is continuous and of finite variation. 

A function g : [a, b] Ar is called absolutely continuous, if for each 6 > there exists 
e > so that for each system of pairwise disjoint intervals {aj,bj) in [a,b], j = l,...,m, 
m G N, the inequality 

Er=ii/(&.)-/K)i<^ 

is satisfied. A continuous function is called singular if its derivative is almost everywhere 
relative to the Lebesque measure equal to zero. 

In view of §VI.4 [12] each function / of finite variation can be presented as / = H + ip + x, 
where H is the jump function, ip is the absolutely continuous function and x is the singular 
function. For a rectifiable path 7 we get H = 0. By Theorem VI. 4. 2 [12] the function 
F{x) = (L) p(t)dt of a Lebesgue integrable function on the segment [a, b] is absolutely 
continuous, where (L) j^p{t)dt is the Lebesgue integral. In view of the Lebesgue Theorem 
IV. 4. 3 [12] the derivative p' = P oi an absolutely continuous function p on the segment [a, b] 
is Lebesgue integrable on it and 

{L)^p{t)dt = P{x)-P{a) 
for each a < x <b. Thus 7 is almost everywhere on [a, b] differentiable. 

The operator / is defined for each (super) differentiable function with the help of either 
the left or the right algorithm, where f .h := g'{z).h for each z & V , h ^ Ar- Moreover, / is 
(super) differentiable, if / is such. Then we use the continuous extension of the continuous 
functional on the space of continuous functions on V specifying the branch of the integral 
and get the operator / for a chosen sequence of (super) differentiable functions /„ and their 
phrases r]n converging uniformly onV to f (see [TTlllH] and §11 above). 

Each Ar additive R homogeneous operator A on Ar can be written in the form: 

^■h = Yl=^ M khik] = Eil=o j,kA.[ kh]ij, 
where each j is a linear functional on R for all j, k. The analogous decomposition is for 
an operator Ar additive R homogeneous valued function A(t).h, t G [a,b]. If each j^kA{t) 
function is Lebesgue-Stieltjes integrable on [a, b] relative to each function of bounded 
variation, then there is defined the non commutative Lebesgue-Stieltjes integral 

(L - S) JI^A{t).dP = 'EjMa j,kA{t).dkPit)]ij. On the the other hand, if v{t) = ovio + 
... + 2^-ivi2^-i is a function so that each jv{t) is Lebesgue integrable on [a, b], then there is 
defined the non commutative Lebesgue integral 

iL)l'v{t)dt = Z-l-o'H At)dt. 
Consequently, 

J^f{z)dz = {L-S)fJm).d^{t), 
where / is an Ar additive R homogeneous operator corresponding to /, (L—S) J^^ f{'y{t)).d'y{t) 
denotes the non commutative Lebesgue-Stieltjes integral. If ■y{t) is absolutely continu- 
ous, then the non commutative Lebesgue-Stieltjes integral reduces to the non commutative 
Lebesgue integral 

(L - S) fm)Mt) = (L) fm).i{t)dt, since 
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(L - s) j;; ,,,A{t)dui{t) = (L) j'^ ,y (t)rft 

for each j, k (see also §VI.6.2 [T2]). 

14. Particular cases of integrals and residues. 

For convenience we can choose the parametrization of the curve so that its path 7 : 
[a,P] Ar has [a,P] = [0,1] if another is not specified, where 7(0) = a, 7(1) = b are 
Cayley-Dickson numbers. 

While calculation of line integrals of Ar differentiable functions f : U Ar, where U is 
a domain in Ar satisfying conditions of the homotopy Theorem 2.15 [ElllSj, for a rectifiable 
path 7 in t/ contained in a complex plane R © MR with a marked purely imaginary Cayley- 
Dickson number M, \M\ = 1, it is possible to make simplifications in algorithms. For this 
choose purely imaginary Cayley-Dickson numbers Ni,...,N2r-i being generators in 2 < 
r e N, such that A^i = M, lA^i] = l,...,\N2r-i\ = 1, Nj ± A^'^ for each I < j ^ k <2''-l, that 
is Re{NjNk) = 0, and hence certainly A^^A^^fc = -NkNj for all 1 < ^ < 2"^ - l,--,^o = 1, 
NqNj = NjNq for all j. This can be done standardly by induction using doubling generators 
N2, iV4v,^2'-i, so that A^3 = iViA^2, ...,A^2'-i+p = NpN2r-i for each p = 1, ...,2'"-^ - 1. 
With the doubling procedure of ^^+1 from As, I < s, the multiplication rule is given by the 
formula: 

(1) {u + vl){w + xl) = {uw — xv) + {xu + vw)l, 

for each u, v,w,x G As, where I = A^2», u + vl and w + xl E As+i (see [H [TT], [T3]). 
With this new basis of generators write / in the form 

(2) f{z) = og{z)No + ig{z)N2 + ... + 2'-i-i^7(^)A^2'--2, 

where pg{z) G Cm for each z E U and all p = 0, 2^'^^ — 1, while Cm := R© MR denotes 
the complex plane embedded into Ar- Hz is an arbitrary Cayley-Dickson number z E Ar, 
then it can be written as 

(3) z = x + yN„ 

where x = Xz E Cm, y = Vz ^ is a purely imaginary Cayley-Dickson number may be 

dependent on |A^;^| = 1, A^^ ± M, which follows also from (2). Since A^^ ± M and they are 
purely imaginary, then A^^M = —MNz- Thus z^ = Xk + UkN^k for any integer k E 7i with 
Xk E Cm and yu G R, with purely imaginary N^k, N^k ± M. 

Each pg is the Cm valued function, consequently, up to the isomorphism it is the complex 
locally analytic function. Therefore, its restriction on Cm can be written in the form 

(4) pg{x)\cM = J2k'^k,p{x — Xq)^, where Xq G Cm is a marked point and Ck^p G Cm for 
each k. Suppose that u is some phrase of / in the ^-representation of / on f/ prescribed by 
Equations (2,4) on the entire domain U with a common xq G Cm independent from p so 
that the series converge uniformly on U. Using the translation z t-^ z — zq we can consider 
for simplicity, that Xq = 0. Then 

(5) Xy Z]fc,p Ck^pX^Npdx = Ylk,pfk,p/ {k + 1)] {h^^^ - a^'^^)Np when / does not contain any 
singularities in U , that is Ar differentiable in U , where a = 7(0), b = 7(1), 7(t) with t G [0, 1] 
is the rectifiable path in Cm- 

If Zq G Cm n ?7 is an isolated pole of / encompassed by 7, then 

(6) Res{zo, v).M = T.p{c-i,pM)Np. 
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Indeed, each Cayley-Dickson number can be written in the polar form also 

(7) z = \z\ex'p{Arg{z)), where Arg{z) is a purely imaginary Cayley-Dickson number, so 
that Arg{z) = aM + [3Nz with a, [3 G R, consequently, z'^ = \z\'' exp{kArg{z)) for every 
k E Z. Therefore, z'' = \z\^ exp{kM(j)) for each z G Cm, where = (j){z) G R. The line 
integral is additive, hence 

f J2 p9{z)Npdz = J2if pgiz)dz)Np. 
hp p h 

Then each term of the form rj{z) = {az''b}g(^3^ on U with integer k ^ —1 has the function v{z) 
given by any either left or the right algorithm as v{z) = {a2;^^^&}g(3) with {dv{z)/dz).l = 
{az'^6}q(3), since dv{z)/dz = Yl^=o{^ii^'' ^) ^'^~^)^} q(3) ^ where 1 denotes the unit operator on 
Ar, while g(3) indicates on the order of multiplication for r > 3, for r = 2 the quaternion 
algebra is associative. In each Cm for r] with k = —1 the function v has the restriction 
v\cm = {a Ln{z) &}g(3) for z 0, since {de^/dz).h = e^h and {dLn{z)/dz).h = z~^h for 
each z E Cm, h E Cm and the logarithmic function Ln{z) is the inverse function 
of the exponential function (see also [I7l [IHl ES]). Thus Res{zo, {a{z — zo)~^b}q(3)).M = 
{aM6}g(3) for any purely imaginary Cayley-Dickson number M. Another valuable identities 
for calculating residues follow from Formulas 9(3 — 6). 

Take the word ri{z) = {aiz"'^ ...akz"'''ak+i}qj^(2k+i) the restriction of which on Cm has the 
form {bi...bk+i{z^z"^)}q2{k+2), where constants ai,...,bk+i belong to Ar, 2 < r < 3, /c G N, 
Hi, ...,nk, s,m G Z. Then for the rectifiable loop 7 encompassing zero in Cm with the 
winding number j we infer, that 

(8) {2nj)-^ J^{aiz''\..akZ'"^ak+i}g^(2k+i)dz = {bi...bk+iM}g2(k+2) for m - s = 1 with 
n = —1; 

(9) f^{aiz''\..akz'^''ak+i}q^{2k+i)dz = {bi...bk+iM}q2(k+2) for s - m = 1 with 
n = —1; 

(10) (27rj)^^ J^i^iz"'^ ■■■akz"'''o,k+i}qi{2k+i)dz = for either |m — s| 7^ 1 or n 7^ —1, where 
n = rii + ... + rik, s + m = n, 

since exp(-27rMt)Mexp(27rMt) = M in A,-, also {deydz).h = e'h for Im{h) G Im{z)R. 

If 2:1 = a + bM is some Cayley-Dickson number with a, 6 G R and a purely imaginary 
number M, then any other Z2 G Ar can be written in the form Z2 = a + jSM + (j)N , where 
a, /?, G R, is a purely imaginary number orthogonal to M, ± M. Therefore, 

(11) Z1Z2 = (a + f3M)zi + (pNzi, since NM = -MN. 

This identity and the formulas given above together with the additivity and R homoge- 
neousity of the non commutative line integral over Ar can be used for calculations of integrals 
along paths in planes such as Cm and the corresponding residues Res{zo, fi).M . 

Generally if there is given / and its phrase /i is specified, then such transformations to the 
form (2, 4) may change the phrase, so fi may be not equal to u. If h'{z)dz or Res{zo, z/).M is 
calculated, then using transition formulas from /i to z/ and vise versa one may calculate these 
quantities for fi if these transition formulas do not change such integrals and residues, that 
generally may be not a case. Also mention that K exp{Mt) = K cos(t) +KM sm(t) =: N(t) 
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for two purely imaginary octonion numbers K and M with \M\ = 1 and the real variable t. 
If K and M are perpendicular, K ± M, and \K\ = 1, then Kexp{Mt) = exp(7rA^(t)/2) and 
hence Ln{K ex.'p(Mt)) = 7TN{t)/2 + 27TN{t)k, A; G Z depending on the branch of Ln, since 

mt)\ = i. 

There is also an interesting particular case of terms 

viz) = {ci,„i2;"i...Cfc,„^z"'=Cfc+i,„^+Jg(2fc+i), 
when there exist K and M purely imaginary numbers and constants Cj,„^ in the Cayley- 
Dickson algebra Ar, 2 < r < 3, so that Im{cj^nj) -L KCm for each j, where \K\ = \M\ = 1, 
K _L M, Im{z) := {z — z)/2, G N = {1, 2, 3, ...} for each j, n = ni + ... + nk > 0. The real 
field R is the center of Ar and each purely imaginary number S orthogonal to KCm anti- 
commutes with each z G KCm- Then using multiplications of generators and distributivity 
of the multiplication {a + b)z = az + bz in Ar one finds the restriction v{z)\kcm of a function 
v{z) which can be reduced to the form az'"-~^'^/{n + 1) and it has the extension on Ar such 
that 

{dv{z)/dz).h = J2]=o '^((z'' ^) z^~'') / + ^) esich. z and h G Ar, 
where a constant a is in Ar, Im{a) ± KCm, since the octonion algebra is alternative and 
the quaternion skew field is associative. Therefore, {dv{z) / dz).l = rj{z) for each z G KCm- 
On the other hand, each function given by either the left or right algorithm of integration is 
of total degree by z equal to n + 1 and can be reduced to the form (n + 1) on KCm- 

Evidently {y(h) + w{x)) — (f (a) + w{x)) = v{b) — v{a) for each function w{x) with values in 
Ar and the argument x E Ar Q KCm R-, Im{x) ± KCm- This implies that 

(12) J^r]{z)dz = - a"+^)/(n + 1), when n G N, a and b G KCm and either 

conditions of the homotopy Theorem 2.15 [TTl [H] are satisfied or 7([0, 1]) C KCm- 

Another example is of a function / which can be written in the form f{z) = {a{z){{b{z)l/{z— 
y))c{z)))e{z) in a neighborhood ofy G Ar, where a{z), b{z), c{z) and e{z) are ^^-holomorphic 
and a{y) ^ 0, b{y) ^ 0, ciy) ^ and eijj) 7^ 0, 2 < r < 3. Then the residue operator is: 

(13) Resiy,f).N={2n)-\hm J {a{z)mz){l/{z - y))c{z)))e{z)dz 

= {a{y){{b{y)N)c{y))e{y), 

where to a in Formula here corresponds y, while to y in here corresponds (3. 

In relation with words and phrases there are also some useful identities. Let q{n + 2) be 
a vector indicating an order of the multiplication of + 2 multipliers, then 

(14) {d{az''b}q(n+2)/dz).h = Y.]Zi{a'Z^hz'^~^-^b}g(n+2) 

for each h E Ar, where z^ is treated as the product of n multipliers z. Since the Cayley- 
Dickson algebra Ar, r > 2, is power associative, then 

(15) {d{z^},^^)/dz).h = Epo{^'hz--'-'h(n) = E;:i{^'hz--'-'Un) 

for each q{n), but q{n) is the same for all additives in the sum independently from j, where 
qi{n) corresponds to the left order of brackets, {ai...an}g(n) = {{--- {0,1(12) -■■)o.n-i)an- In the 
octonion algebra an order of multiplications in the term {z^hz'^^^^^}g(^ri) is not so important 
(see §9) due to the Moufang identities. 
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The complete differential is {Drj{z,z)).h = {dri{z, z)/dz).h + {drj^z, z)/dz).h for a {z,z) 
(super) differentiable phrase ri{z, z). Particularly for 77(2;, z) = z^zT^ the complete differential 
is the same for 5"^ 2;", since z and z commute. This implies, that 

(16) {{dz''/dz).h)2"') + z''{d{z"')/dz).h) = z"^ {{dz^ / dz) .h) + {{dz"^ / dz).h)z'^ 
for all z,h E Ar- 

Thus Formulas (1 — 16) of this section and Formulas 9(M1 — MS, 1 — 6) can serve for 
practical calculations of residues. 

In the case of Cayley-Dickson algebras calculations of line integrals are more complicated 
because of non commutativity, non associativity and possible behavior of functions around 
branching points Zq branches of which generally depend on M/\M\ for M = Im{z — Zq) 7^ 0. 

Evaluate some useful integrals. In the notation of [T71 [18] / is the operator such that 
f{z).dz = {dg{z) / dz).dz for a (super) differentiable function f{z) with {dg{z) / dz).l = f{z) 
in an open subset U and g is calculated with the help of either left or right algorithm for 
each power series. Then 

(z")-.A2 = A(2"+V(n + 1)) + o{/\z) with n G N and 

(e^)-.A^ = A(e^) + o{Az) for each z G A, 

(1/(1 + y))\Ay = A(Ln(l + y)) + o{Ay) for \y\ < 1, y & Ar, since the power series 

Ln{l + y) = Zn=ii-^r^'yVn 
has real expansion coefficients and uniformly converges in each ball of radius < p < 1 with 
the center at zero, where Ay is a sufficiently small increment of y. Thus 

(17) z'^dz = (6"+i - a"+i)/(n + 1), 

(18) / e^dz = — e" for each rectifiable path 7 such that 7(0) = a and 7(1) = b; 

(19) 1 dLn{l + y) = /^(l + y)-'dy = Ln{l + b)- Ln{l + a) 

for 7 such that |7(t)| < 1 for each t G [0,1]. On the other hand, if Im{z) and Imiy) G 
MR for some marked purely imaginary Cayley-Dickson number M, then z and y commute, 
consequently, Ln{z{l + y)) = Ln{z) + Ln{l +y) for such y and z. Therefore, formula (19) is 
valid also for each rectifiable 7 in the {Cm \ {z & Ar : z < 0}) — 1, where Cm = R © MR 
is the complex plane embedded into the Cayley-Dickson algebra Ar. 

Then for any given rectifiable path 7 in \ <5, where Q is the slit (cut) sub-manifold 
used for construction of the non commutative analog of the Riemann surface over Ar, choose 
a sequence 7^ of rectifiable paths in \ <5 so that 7„ is the combination of paths 7^ : 
[bj-i,bj] Ar in Ca/„,^, 7n(^) = ln,j{t) for each t G [bj_i,bj], j = l,...,m{n) G N, n G N, 
60 = < bi... < bm(n) = 1- Then for each 7„j and hence for each 7^ Formula (19) is also 
valid in {Ar \ Q) — 1. The limit by n then gives 

(20) f^dLn{z) = f^z-^dz = Ln{b) - Ln{a) 

for each rectifiable path 7 in \ <5 with a chosen branch of Ln. This is natural, since 
{dLn{z) / dz) .1 = 1/z for each 2; 7^ in Ar. 

If f{z) is a univalent function in an open domain U in Ar having a power series decom- 
position f{z) = J2'^=o^nZ^ uniformly converging in U with real expansion coefficients a^, 
then due to (17) we deduce, that 

(21) f{z)dz = ZZo «n(&"+^ - a--^')/{n + 1), 
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where 7 : [0, 1] ^ f/ is a rectifiable path in U with 7(0) = a and 7(1) = b. In particular this 
gives: 

(22) sm{z)dz = cos(a) — cos(6), 

(23) cos{z)dz = sin(6) — sin(a), 

where sin(z) = Er=o(-l)"^'""^V(2^ + 1)'' cos(z) = Er=o(-l)"^'"/(2^)'- 

If / is a (super) differentiable function of the octonion variable not equal to zero on a open 
set U, then f{z){l/f{z)) = 1 on f/ and {{df{z)/dz).h){l/f{z)) + f{z){{d[l/f{z)]/dz).h) for 
each z eU and h eO, consequently, {d[l/ f{z)]/dz).h = -[l/f{z)]{{df{z)/dz).h)[l/f{z)] on 
the corresponding domain (see Proposition 3.8.2 [18]). The Cayley-Dickson algebra is power 
associative, so repeating this for z"- with ri G N instead of / we get, that {dz~^/dz).h = 
—z~'^{{dz"'/dz).h)z~"' for each z and h in Ar with Im{z) and Im{h) G MR for some 
marked purely imaginary number M. In particular, {dz^/dz).l = nz^~^ for each integer 
number n with z 7^ 0, when n < 0, dz^ jdz = 0. Thus 

(24) z'^dz = (6"+i - a"+^)/(n + 1) for each integer n ^ -1 

an for every rectifiable path 7 with a = 7(0), b = 7(1), so that 7([0, 1]) does not contain 0, 
when n < 0. 

If a G Ar then we define := exp{aLn{z)) for each 2 7^ 0. So we calculate its derivative 
{dz°'/dz).h = {de^ / dy)\y=aLn(z)-{.Oi[{dLn{z) / dz) .h)]) for each h G Particularly, 
{dz'^ /dz).l = {de^ /dy)\y=aLn(z)-{.OiZ~^). Take a G R, then {dz°^ /dz).l = az"~^ ^ hence 

(25) J^z'^dz = (6"'^^ — a"+^)/(a + 1) for each real a 7^ —1 and the rectifiable path in 

A-r \ Q . 

If a G R, then we infer the power series decomposition 

(1+2;)" = Xl^o (n)-^" f^'^ QSuoh \z\ < 1, where (") = a{a — \)...{a — n+l)/n\. Particularly, 
for a = —1/2 and z = —y^ we deduce, that 

(26) /^(l/ ^/T^-y^)dy = arcsin(6) — arcsin(a) 

for 7([0, 1]) C [Ar \ {z E Ar ■ Re{z) = 0}], where the square root branch is taken y/x > 
for each x > 0, |7(t)| < 1 for each t G [0, 1]. 

For the tangent function its power series has the form: 

tan(z) = E"=i2'"(22" - l)5„z2--i/(2n)! and 
the cotangent function is: 

^COt(z) = 1 - E^^,22"i?„z2n/(2n)!, 

where Bn are the Bernoulli numbers and these power series absolutely converge in the balls 
\z\ < 71/2 and \z\ < n respectively. The Bernoulli numbers appear from the generating 
function 

x/(e^ — 1) = 1 + J2'^=i PnX"' / n\ for each x G {—S,S) C R with sufficiently small S > 
so that /?2n = (-1)""^5„, /32„+i = for each n > 1 (see §XII.4 (445, 449) in [6]). Due to 
Formula (25) and the periodicity of the trigonometric functions we get: 

(27) cos~'^{z)dz = tan(6) — tan(a), when |7(t) — 7rm| < tc/2 for each t G [0, 1] for some 
marked m G Z, 

(28) siia~'^{z)dz = cot(a) — cot(6), when \'y(t) — vrm — 7r/2| < 7r/2 for each t G [0, 1] for 
some marked m G Z. On the other, hand tan(2;) and cot(z) are meromorphic functions so 
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that {dtarL{z)/dz).l = cos^'^{z) for each z E V := {y E Ar ■ Re{y) 7^ 7r(m + 1/2), m G Z}, 
also {d cot{z) / dz) .1 = —sm^^{z) for each z E U := {y E Ar : Re{y) 7^ Trm,m E Z}. 
Therefore, Formulas (27, 28) extend on any rectifiable path 7 in \^ or ?7 correspondingly. 
Mention also that Formula (18) implies: 

(29) cosh.{z)dz = sinh(6) — sinh(a), 

(30) f^smh.{z)dz = cosh(6)— cosh(a), where cosh(2;) = (e^+e~^)/2, sinh(z) = (e^— e~^)/2. 
For coth(2;) = cosh(z)/ sinh(2;) the power series 

zcoth{z) = 1 + ^^^i(-l)"-i22"5„^2n/(2n)! 
absolutely converges in the ball 1^1 < vr, hence 

(31) J^sinh~'^{z)dz = coth(a) — coth(6) 

for < |7(t)| < TT for each t E [0, 1]. We can mention that if y is written in the polar 
form y = pe^ , where p = \y\ > and 5 is a purely imaginary Cayley-Dickson number, then 
y"^ = —1 if and only if p = 1 and 15*1 = 7r(m + 1/2) with m = 0, 1, 2, 3, .... 

Since tanh(z) and coth(2;) are locally analytic and (dtaiah{z) /dz).l = cosh~^(2;) for each 
zeV := Ar\{y : Re{y) = 0, \Im{y) \ = 7r(m+l/2), m = 0, 1, 2, 3, ...} and {d coth{z) / dz) .1 = 
— sinh~^(2) for each z E U := Ar \ {y : Re{y) = 0, \Im{y)\ = vrm, m = 0, 1, 2, 3, ...}, then 
(31) extends on 7 C f/ and 

(32) cosh~'^(z)dz = tanh(6) — tanh(a) for each 7 C V^. 

The series l/(l + z^) = X^^o i']!"^) ^^"^ / absolutely converges for \z\ < 1 and its integral 
gives arctan in this ball. The function arctan(z) is locally analytic and ((iarctan(2;)/(iz).l = 
l/(l+z^) for 7^ —1, since {dta.n{z)/dz).l = 1/ cos^(z) and {df~'^{z)/dz)\z=fi^y) = {df{y)/dy)~^ 
on the corresponding domains (see Proposition 3.8.1 in [T8]). Thus 

(33) J^[l/(1 + z'^)]dz = arctan(6) — arctan(a) for C {y E Ar : y'^ —1}. 

In the octonion algebra due to its alternativity {dLn{z + \G^+a) / dz) .1 = l/yiM-a 
for a non zero real number a and each z"^ 7^ —a in O, where Ln{z + \^z^~+~a) and y/ z"^ + a 
are locally analytic. Therefore, with the help of Formula (20) we infer: 

(34) J^[l/Vz^ + a]dz = dLn{z + ^ z^ + a) 
= Ln{h + yW+a) — Ln{a + voM-a) 

for each path 7 in the set U := {y E O : y^ ^ —a,Re{y) 7^ 0}, since in it branches of 
functions l/^/z"^ + a and Ln{z + y/z^~+~a) are specified. One mentions that y"^ = —a if and 
only if = |a| and 151 = 7r(m + K{a)/2) for m G Z, where y = pe"^, p = \y\, Re{S) = 0, 
K{a) = 1 for a > 0, K{a) = for a < 0. 

Consider now the general algorithm in more details. Let /i and /2 be two analytic func- 
tions of z on U. Denote f = f, = /("), f^^^^z) := (rf"/(;z)/rfz").l®", /" is such that 
{dt{z)/dz).l = /""H^) for each n E N. Particularly, ({az'^6}g(3))" = {a^'=+"6}g(3)[(fc + 
l)...{k + n)]^^ for constants a,b E Ar, k = 0,1, 2, where the symbol 2;° is also integrated 
for convenience so that each phrase of a z (super) differentiable function is a series of ad- 
dends having obligatory components 2;" or e = 1(1) (see also §2.14 pi]). In view of this 
{df^{z)/dz).h = f.h and / t— > /Ms the anti-derivation operation of order /, Z G N. Then the 
left algorithm is 

(35) (/i/2)^ = J27=o(~^y fi^^ ^ where n2 is the least natural number such that 
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f2^^^ = 0. The right algorithm is symmetric to the left. The work with phrases and 
power series reduces to products of polynomials and their sums, so consider this algorithm 
for ({/i.../fc})', where / G N, f2,---Jk are polynomials by z of degrees n2, ...,nk respectively. 
Then 

(36) ihh? = E:=o(-1)"(/i^"/2-")^ = 
Continue these calculations by induction using that 

si=0 2^S2=0 ••• 2^Sp=0 s )■> 

where (^) = n!/(m!(?2 — m)\) denotes the binomial coefficient. Then 

(37) ^1/2)' = E::o(-i)i^l"')/r'/2-^ 

Applying Formula (37) to product of k terms we deduce that 

(38) ({/i/2.../.},(.))' = E::=o(-i)^'=e^:;"'){[/i-A-i]^'=+'/r'=U) = e::=oe:::,=o 

E"2 / '[\S2 + —+Sf,(Sk+l-l\(Sk-T.+Sk+l-l\ (S2 + ...+Sk+l-l\ r fl+S2+---+Sk f-S2 f-Sk\ 
s2=oy ^) { sk )y sk-1 )■■■{ S2 A^i ^2 ■■■Ik j<?(fc)5 

where the notation does not mean any order of multiplications but only that 

the anti-derivation operator is of order s^ + l for a collection of these terms in square brackets. 
For the skew field of quaternions curled brackets can be omitted due to the associativity. 
Thus either left or right algorithm specifies the branch of the non commutative line integral 
for / (see also [TTl [THl El]) and for this Formulas (35 — 37) are helpful. 

If f{z) is an analytic function on a ball B with the center at zero and the uniformly 
converging power series of / has real expansion coefficients, also a G O, a 7^ 0, then the 
mapping z 1— > aza~^ in O induces the mapping f{z) t— > af{z)a~^ so that af{z)a~^ = 
f{aza~^). But the line integral changes as 

(39) a{J^f{z).dz)a-^ = f{aza-^).{adza-^) = J^f{y).dy 
for such function /, since the octonion algebra is alternative and R is its center, where 
ipit) = a'y(t)a~^ for each t G [0,1]. If / is a multi- valued function, for example, Ln{z) or 
y/z, n> 2, then the mapping z ^-^ az ov z za may cause a transition from one branch of 
/ into another. 

15. Proposition. Let fi and f2 be two (super) differentiable univalent functions on an 
open set U in the Cayley-Dickson algebra At and '-y be a rectifiable path in U. Then 
I, Mz)[{dMz)/dz).l]dz = h{z)h{z)t - j\[{dh{z)/dz).l]hdz. 
Proof. Consider the (super) derivative 

{dh{z)h{z)ldz).h = [{dh{z)/dz).h]f2{z) + h{z)[{dh{z)/dz).h], 

where z E U and h E Ar. Then we take the integral sums Ej=i corresponding to partitions 
P of 7. Therefore, in the notation of §11 we get 

I^[{dfi{z)f2{z)/dz).l]dz = lim5(p)^o Y^%i{dfi{z)f2{z)/dz)\^=,^.AjZ 
= h{z)Uz)t = lim.(PHo E;=i mMz)7d^.l]f2{z)).A,z 
+ lim,(p)^o E;=i (/i (^) lidM^/dz) .l]).A,z 

= I^[{dfiiz)/dz).l]f2{z)dz + J^Ji{z)[{df2iz)/dz).l]dz, consequently, 

Mz)[idf2iz)/dz).l]dz = h{z)f2{z)t - ^{dh{z)/dz).l]f2dz. 
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4 AfRne algebras over octonions 



1. Definition. If a generalized Cartan matrix A has positive all proper main minors 
and det{A) = 0, then one says that A is of the aflfine type. The algebra g{A) (see §2.6) 
corresponding to the generalized Cartan matrix A of the aflfine type is called the aflfine 
algebra over Ar. 

2. Remarks. Let / and g be two meromorphic functions on an open set V in the 
Cayley-Dickson algebra with singularities at a set W satisfying conditions 3.1(-R1 — R3). 
Then 

{df{z)g{z)/dz).h = [{df{z)/dz).h]g{z) + f{z)[{dg{z)/dz).h] 
for each h G Ar and every z E V \ W =: U . In particular, take h = 1. On the other hand, 
/ [{df{z)g{z)/dz).l]dz = for each rectifiable loop 7 in f/ and we get 
^ (1) Res{zo, {f{z).l)g{z)).M = -Res{zo, f{z){g'{z)A)).M 
for each Zq G V and every purely imaginary Cayley-Dickson number M (see also §§3.1, 3.6 
and 3.15). In the notation ipzoW ^q) '■= Res{zo, {f'{z)A)g{z)) Formula (1) takes the form 

(2) ipzo{f',g) = -i^zo{f,g') for each zo e U, where tp^oif' , g)-M is A additive by / and 
by g also, by purely imaginary Cayley-Dickson number M, moreover, it is R homogeneous 
by / and by g and by M, which follows from the properties of the residue operator (see 
Theorem 3.6 also). 

Consider the set theoretical composition of mappings fi o f2{y) = /i(/2(l/))- In view of 
Proposition 2.2.1 and Theorems 2.11, 2.15, 2.16 and 3.10 [I8j we can reformulate the result. 

2.1. Proposition. Let g : U ^ A^, r > 2, and f : W ^ A^ be two dijferentiable 
functions on U and W respectively such that g{U) C W , U is open in A^, W is open in A^ , 
k,n,m G N, where f and g are simultaneously either {z,z), or z, or z -dijferentiable. Then 
the composite function f o g(^z) := f{g{z)) is dijferentiable on U and 

(3) {Dfog{z)).h = {Df{g)).{{Dg{z)).h) 

for each z eU and each h G A^, and hence f o g is of the same type of differentiability as f 
and g. 

2.2. Multiplications of operators. The set theoretic composition serves as the for- 
getful functor on an order of the derivatives: 

(4) (c/(/3 o /a) o f^{x)/dx).h = {dfs o f2{y)/dy)\y=f^^^y[{dfi{x)/dx).h] = 
{dfs o f2iy)/dy)\y=f^(.^).v\,,=(^dh(x)/dx).h 

= [idf3{z)/dz)\z=f^^y) . [{df2{y)/dy) \y=f,ix).v]\v={dMx)/dx).h 
= {df3{z)/dz)\z=f,(y).[{df2{y)/dy)\y=f,^^).[{dfi{x)/dx).h]] = {df3{f2{fi{x)))/dx).h 
for every h G A^'^, for open domains Uj in Ar' for j = 1,2,3 so that fj : Uj f/j+i for 
j = 1,2, fs'.U^^ A^, ni,n2,ns,n G N, fj is z differentiable on Uj for each j = 1,2,3. If 
consider Ar additive R homogeneous operators Aj on vector spaces Xj over Ar, Aj : Xj — > 
Xj^i, with another type of composition A20A1 induced by that of the matrix multiplication 
of matrices with entries in Ar, also Cayley-Dickson numbers and also by the multiplication 
of matrices on the corresponding vectors, then it will be necessary to describe an order of 
such new multiplication indicating a vector q{m) prescribing such order {Am o ... o Ai}q(^m), 
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where Aj o hj := Aj{hj) for each hj G Xj. The set theoretic composition of operators 

(5) (A3 o A2) o Ai{h) = (A3 o A2){v)l=A,ih) 

= As{A2iv))\^=A,{h) = A3{A2iAi{h))) for each h e Xi 
is always associative and they correspond as 

(6) A^ o ... o Ai{h) = A^o (A„_i o ...{A2 o (Ai o h))...) 
for each h E Xi, particularly, 

(7) {A2oAi){h)=A2o{A,oh) 

such that the set theoretic composition of operators can be considered as the particular case 
of more general multiplication of operators with the right composition on the right side of 
Formulas (6, 7). Mention that generally {A2 o Ai) o h may be not equal to A2 o {Ai o h) over 
O. Over the quaternion skew field H brackets can be omitted, since H is associative. 

2.3. Take the algebra M.{y,W) of all meromorhic functions in V with singularities 
contained in W , where V is open in Ar and W satisfy Conditions 3.1(i?l — -R3), W gV. In 
particular, for a singleton {0} instead of W this gives the algebra CiV) of all Loran series 
on the set V \ {0} open in Ar'. 

(8) Viz)=En^J,Mm„Z^U2r>) 

with center at zero, where 

(9) \^A^ j,Z }q(2p) ■ {0'm,m\,lZ ^ ■■•0'm,mj,,pZ ^}q{2p)-) 

ci'm,k,p £ -^r and rrik G Z for each G N, j,p G N, m = (mi, ...^nip) (see [T71 [E]). To each 
phrase rj{z) the function fr,{z) = eVzirj) = rj{z) corresponds, where eVz denotes the valuation 
operation at z E U. 

There is the natural equivalence relation of phrases prescribed by the rules: 

(10) briiri2 = rjibq2 = 'rjirj2h for each real number 6, 

(11) {z'-z^) = (2;"-"'"') for all integers 

(12) (?7i +772) —772 = ^1 for all phrases 771 and 772, since Ar is the power associative algebra 
with the center R. Another equivalences are caused by associativity of the quaternion skew 
field H and the alternativity of the octonion algebra O. Over H brackets in phrases can be 
omitted. 

If W is not a singleton, then the restriction of / G M-iV, W) on zq + Cm has the Loran 
series (9) hy z — zq E Cm instead of z for each zq E W and each purely imaginary Cayley- 
Dickson number M G Ar- This follows from Formulas (3.22, 23) [TTIIISI applied to rectifiable 
loops 7i and 72 in Zq + Cm and Conditions 3.1(i?l — -R3). 

2.3. Definitions. For a generalized Cartan matrix A take the matrix A obtained from 
A by deleting its zero column and zero row and put g = g(A). Define the wrap algebra 

M{g) := M(y, W) g with the multiplication: 

[P(S)X,Q^ y]o := PQ ® [x, y] for all P,Q E M{V, W) and x,y E g. 

Extend the form {x\y) from g onto A4{g) by the formula: 

{P®x\Q^y)z = PQ{x\y). 

3. Proposition. There exists an Ar valued graded 2-cocycle on the wrap algebra A^(g) 
over Ar, 2 < r < 3. 

Proof. The differentiation 
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(1) DP{z) := {dP{z)/dz).l of the algebra M{V, W) ior z eV\W 
we extend to the differentiation of Al(g) by the formula 

(2) D(P(8) x) := (DP) ® X. 
Define the mapping 

(3) u;{zo; P®x,Q®y):^ Res{zo, {DP)Q).{x\y) 

for each x,y & g and all P,Q & M.{V, W) and every Zq G W, where the form (*|*) is given 
by Theorem 2.20. Its restriction (*|*)| on og is real valued. We have 

(4) Res{zo, f).b = for each real number b 

and every f G M.{V, W) with zq G V, since in this case the line integral is calculated along 
a rectifiable loop 7 contained in R, hence 

(5) Res{zo, f).h = Res{zo, f).{Im{h)) 

for each Cayley-Dickson number h E Ar- For the definiteness of residues we consider them 
for specified phrases of fimctions. Consider the ordered product {/i/2/3}g(3) (usual point- 
wise) of z differentiable functions fi, f2, fs on the open set U in Ar- For each Zq G U we 
have Res{zo, ({/i/2/3}g(3))'-l) = 0, consequently, 

(6) Resizo, {(/{.l)/2/3},(3)) + Res{zo, {/i(/^.l)/3},(3)) 
+Res{zo,{fM,fll)}^i3)) = 0. 

There is the decomposition 

(7) P= oPio + -+ 2r-iPi2r-i, 

where jP is the R valued function for each j, so that they are related by the formulas 

(8) oP = (P + (2'- - 2)-H-P + ^.(^S*)})/2, 

(9) kP = (4(2'- - 2)-i{-P + E?=i' «i(PS*)} - for each A; = 1, 2^-1. 
We have the natural identity 

(10) kPik® kV^ kP® kvik- 
On the other hand, 

(11) uj{P <S> x,Q <S> y) — ipo{{DP),Q)-ix\y), consequently, for pure states k^ik — Pk® 
kxik e kM{g)ik and hij = Qj <S> jyij e jM{g)ij we get 

(12) a;(feP(g) kxik, jQ ® jyij) ^ {-l)''^^'^^^'^uj{ jQ ® jyij, k^ik), 
since the form {x\y) is symmetric on og(^) and hence on og and satisfies 17(2). 

At the same time we have the identities: 

(13) Res{zo, (( kP jQY-l) sR) + Resizo, (( jQ .P)M) kP) + Res{z^, (( ,P feP)'.l) jQ) 
= 2(Pes(zo, (( kP)'-l) jQ sR) + Res{zo, kP{{ jQY-i) sR) 

+Res{zo, kP jQii sRY-i))) = 2Pes(^o, ( kP jQ .i?)'-l) = 
and for pure states feOZfe — kP 'S> k^ik, jbij — jQ ® jyij, sds — sR® szis we deduce 
taking into account Theorem 2.20 and Properties 17(1 — 5) and Identity (13): 

(14) uj{zo; [ kaik, jbij], sds) + (-l)^('''^''^u;(^o; [ jbij, sds], k^ik) 

= Res{zo, {D{ kP jQ)) sR)-{[ kxik, jyij]\ szis) + 
(_l)?(fe,^-,^)i?es(zo, iD{ jQ sR)) kP).{[ jyi,, sZisW kxik) 

= 2Res{zo,D{ kP jQ sR))-i{ kXik, jyij]\ szis) = 0. 
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Thus Formulas (12, 14) mean that cu is the graded 2-cocycle over the Cayley-Dickson 
algebra Ar- 

4. Definitions. Put M(g) := M(g) F(W, Ar)K with the multiplication 

(1) [a ® a{zo)K,b ® P{zo)K] :— [a,b]o + u;{zo; a,b)K for each a, 6 e >C(g) and a,P E 
F(W,Ar),zoeW 

where K is the additional generator, F{W, Ar) denotes the Ar vector space of all functions 
a,P:W ^Ar. 

We introduce the operator diP(z) := —{dP{z)/dz).z^^^ for each P e M.(y,W) and all 
z^V\W, also diK := 0, d/(P ® x) = di{P) O x, where I G Z. 

Define new algebra yW(g) = M{g)(BArd with the differentiation dP(z) := {dP{z)/dz).z = 
—dQP{z) for each z e U \ {0} and every P e M{U) and := 0. We put as the multipli- 
cation 

(2) [ kP ® kxik © aikK © e^d, © ^i/ij © l3ijK © ti^d] := 

( kP jQ © [ jyij] © eifc(d ^Q) © jyij - {-l)'^'^'''^Hij{d kP) © kxik) © '^(2;o; fe-P © 
kxik, jQ © j-yij) 

for pure states kP © a;^. © aikK © ezfcd G kM {g)ik and © yij © /Sij-ftT © tijd G j (g)ij , 
where a(W) C R, C R, e.t G R. Extend this multiplication on all elements of Xi{g) 

by R bi-linearity (see Formulas 2.1(3)). 

5. Corollary. The set Xi{g) is the Lie super-algebra over Ar- 

Proof. By the construction A4{g) is the Ar vector space. Since A4{g) is the Lie super- 
algebra and u satisfies Conditions (12, 14), then the multiplication in Ai{g) defined by 
Formula 4(1) satisfies Identities 2.1(1 — 3). 

6. Proposition. The operator di from Definition 4 is the differentiation of the algebra 
M(g). 

Proof. From the definition of di we get 

(1) di{[P © x, Q © y]o) = di{PQ © [x, y]) 

= (di(PQ)) © [x,y] = -{{{dP{z)/dz).z'+')Q + P{(dQ(z)/dz).z'+')}®[x,y] 
= {{diP)Q+P{diQ))®[x,y] = [{diP)®x,Q®y]o + [P®x,{diQ)®y]o. By the bi-additivity 
we get 

(2) di[a, b]o = [dia, b]o + [a, dib]o, consequently, 

di[a + aK, b + f3K] — [dia, b]o + [a, dib]o for all a,b e M{g) and each a, f3 e F{W, Ar). 
On the other hand, 

[dia, b] = [dia, b]o + uj{dia, b)K. 
Since Res{zo, {dodiP)Q) + Res{zo, {diP){dQQ)) = Res{zo, do{{diP)Q)) — and symmetrically 

Res{zo. PddiQ) + Res{zo, {doP){diQ)) = Res(zo. do{PdiQ)) = 0, then 
{Resizo, {dodiP)Q) + Res{z^, {diP){d^Q))).{x\y) 

= {—Res{zo, {diP){doQ)) + Res{zo, (diP) {d^Q))) .{x\y) = and inevitably 

(3) uj{dia, b) + uj{a, dib) = for each a = P ® x and b = Q ® y. Using R linearity of 
Res{zQ, {dQP)Q) .{x\y) by P, Q, x and y and Equations (1 — 3) we get the statement of this 
proposition. 
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7. Proposition. The commutator of differentiations dk and dj on the space Ai{V,W) 

is 

(1) [dk,dj] = {k-j)dj+k- 

Proof. Since dkdjPQ = dk{{djP)Q + PdjQ) = {dkdjP)Q + {djP){dkQ) + {dkP){djQ) + 
P{dkdjQ), then [4, dj]PQ = {d^dj - d,dk)PQ = ([4, dj\P)Q + {d,P){dkQ) - {dkP){djQ) + 
{dkP){djQ) - {djP){dkQ)+P{[dk,d^]Q) = {[dk,dj]P)Q + P{[dk,d,]Q). 

For each term az'' with a constant a E Ar we have [4, dj]az'' = l{j + l)az^^^^^ — l{k + 
l)az''+^'^^ = {j - k)laz^^^'^^ = {k - j)dj+kaz^ onV\W for each / G Z. We also have 

(2) dj{am„jZ"'\..am„jZ"'''}g^2p) = 

By the non commutative analog of the Stone- Weierstrass theorem (see §2 [T71 [18]) for 
each compact canonical closed subset J in V \ W the set of polynomials over Ar is dense in 
the set of continuous Ar valued functions on J. For each z differentiable / function on J 
there exists a sequence of polynomials /„ converging to / with converging to /' uniformly 
on J and J x {h E Ar : |^|<1} respectively. Applying identities deduced above 

(3) [4, d,]PQ = ([4, d,]P)Q + P{[dk, dj]Q) and 

(4) [dk,dj]az^ = [k — j)dj^kOiz^ to ordered products of terms am^jz"^'' with associators 
g(2p), where amkj ^ire Cayley-Dickson constants, p G N, mi, ...,mp G Z, we get that 

(4) [4, dj]f = {k- j)dk+jf for each f e M{V, W) on the domain V\W. 

8. Remark. From the definition of operators dj it follows, that 

(1) [pl3dj,dk] = \pdj,pdk] = pP[dj,dk] for each real number p and every Cayley-Dickson 
number (3. Certainly 

(2) [ads + Pdj,df:] = [a45 4] + [Pdj,dk] and [45^4 + Pdj] = [45^4] + [dk, Pdj] for 
each G Ar. Define the algebra d := 0jgz^r4 °f vector fields on Ar \ {0}. The non 
commutative analog of the Virasoro algebra is Vr := d(BArC, where c denotes the additional 
generator and with the multiplication 

(3) [dj + so, dk + to] = (j - k)dj+k + [{f - _fc/12]c, where s,t e Ar. 

Then it is possible to define the semidirect product Vr (S>* -^(g) with the multiplication 
given by Formulas (1 — 3), 4(1) and 

(4) [c,A^(g)] = 0. 

This algebra may be useful in the quantum field theory over quaternions and octonions. 
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